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Introduction

From Kay Honkanen/Ostman Agency
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Two-dimensional thermal plume

Lake Kivu
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Assumptions

1. Two-dimensional and laminar
2. Steady state
3. No bubbles
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Governing equations

1. Conservation of mass:

Dp
E'FPV'V—O

2. Navier-Stokes:
ov 2
P E‘F(V'V)V =-Vp+uV<v

3. Energy equation:
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Governing equations

The governing equations and assumptions leads to the model of the plume:

vy + %
ox oy

=0

oS oS ko [825 825]

e +Uy<97y B poCy | 022 + Oy?

vy Ovy | Op1 v,  0%v,
Po [Ux oz T 8y] = [(%Q + a7 + poBogS(z,y)
vy dvy | Op1 82% 82vy
”0[ " ox ”ay}‘ay [ax”ay?

6/21



Analysis

Characteristic quantities:

1)
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Dimensionless variables:
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Thermal plume with characteristic quantities

surface

x

Uo

Y

8/21



Summary of non-dimensionalized equations

N\’[- 0V, -av] m SN* | (8 %V, 9%,
@) Psensl-—5-() |0) %%

Ve f?fzz 0

ox 0y
_9S -85S 1 |[/68\?8%S 0°8
o+ oo =7 | (1) a*ay]

9/21



Stream function

Using the identities for the stream function,

_ o
Ve = By’

__ %
s

the equations were then rewritten in terms of :

N Py WPy P
Oy 0xdy  Ox Oy2  Oy3
opos o0poS 1 6%S

oy dxr  dx Oy P, oy’

+ S(z,y),
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Scaling transformations
The scaling transformations:
T=Mz, §=Ny, ¢d=X0¢, S=I"S.

This produced similarity equations with a similarity solution of

c=a-—b,
m = a — 4b.
Let the solution:
Y= f(x,y),
S =g(x,y)
Then )
Y= f(2,7),
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Continued..

Now

X f(a,y) = fF(X2, \y).
Differentiating with respect to A and setting A = 1 produces a first order
quasi-linear PDE

cf = agim + bggjjy.
The differential equations of the characteristic curves are then
der _dy df
ar by cf’
with the solutions:
Cr =2,
Ta
and
oy =1
Za
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Scaling transformation solution

The general form of the similarity solution is:

U(z,y) = ' TOF (),
S(z,y) = 2" TG(E),

with

0y
f_xiav
b
o= —.
a
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-
Transforming from PDE to ODE

Using boundary conditions, the PDEs are converted into ODEs
Cﬁl—k(l—a)i ar + (B —2) ar 2+G(§)—
dg? dg \ d§ dg a
d*G

d£3+P[( FdE 4a)GCfZﬂ 0.

dg
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Boundary Conditions

2 (T, £
For y =+o00, Vp(z,+o00)=0; OV (2, £00) (gy ) =0,
oV, (x,0) 05(x,0)
and yZO, Ty :0, Vy(iE,O):O, Ty
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Conserved quantity

The conserved quantity calculation

/; Vx($7y)s($7y)dy = Qb7

d [, d [
dm/ Vi(z,y)dy = dx/_oo S(z,y)dy,

—00

where @y, is the power per unit length of the source.
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N
The ODEs

Using o = % the ODEs becomes:

BF  3d dF’
S+l (FPE) =0
d§3+5d5< d&) ’

d3F 3 d dF
o (5+0) i (7)) =°
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Solutions

Normal solution:

Pr =2,
03 (i)
P = () o [ (22) ]
p-i(3) !
§=4
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Solutions
Special case solution
b=—4/5,
Pr=5/9,
4 (dF\® d (_dF
w05 (%) + (")

)

F(¢) = (6B)2tanh [(?) i

(6;5> Qb ;
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19/21



Results

Special solution no 1

—— Velocity profile dF/d¢
—— Temperature profile G
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Special solution no 2

—— Velocity profile dF/d¢
—— Temperature profile G
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Conclusion

B In conclusion we formulated a problem, that described a laminar
thermal plume in two dimensions in lake Kivu, using Navier-Stokes
equations, conservation of mass and the energy equation.

B This was solved and the exact solutions were obtained that describes
the boundary and flow of the plume under certain boundary
conditions.

B Further work could include the bubbles.
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