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Carbon dioxide emissions must be stabilized to mitigate the unfettered release of greenhouse gases into the atmo-

sphere. The removal of carbon dioxide from flue gases, an important first step in addressing the problem of CO2

emissions, can be achieved through adsorption separation technologies. In most adsorption processes, the adsor-

bent  is in contact with fluid in a fixed bed. Fixed-bed column mathematical models are required to predict the

performance of the adsorptive separation of carbon dioxide for optimizing design and operating conditions. A com-

prehensive mathematical model consists of coupled partial differential equations distributed over time and space

that  describe material, energy, and the momentum balances together with transport rates and equilibrium equa-

tions.  Due to the complexities associated with the solution of a coupled stiff partial differential equation system, the

use  of accurate and efficient simplified models is desirable to decrease the required computational time. The simpli-

fied  model is primarily established based on the description of mass transfer within adsorption systems. This paper

presents a review of efforts over the last three decades toward mathematical modeling of the fixed-bed adsorption

of  carbon dioxide. The nature of various gas–solid equilibrium relationships as well as different descriptions of the

mass  transfer mechanisms within the adsorbent particle are reviewed. In addition to mass transfer, other aspects of

adsorption in a fixed bed, such as heat and momentum transfer, are also studied. Both single- and multi-component
CO2 adsorption systems are discussed in the review.

© 2013 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.
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1.  Introduction

Concerns over the gradual increase in the atmospheric con-
centration of CO2 and its impact on climate change have
prompted a global research effort to capture CO2 from point
source emissions and stabilize its concentration in the atmo-
sphere (Gomes and Yee, 2002; Grande and Rodrigues, 2008;
Plaza et al., 2007; Shafeeyan et al., 2010). The most impor-
tant sources of CO2 emissions are power plants that generate
electricity from fossil fuels (coal, oil, and natural gas) (Dantas
et al., 2011a; Grande et al., 2008; Grande and Rodrigues, 2008;
Kikkinides et al., 1993; Mulgundmath et al., 2012; Park et al.,
2002; Shafeeyan et al., 2012). Therefore, it is critical to sepa-
rate and recover carbon dioxide from the flue gases emitted
by power plants to avoid excess CO2 emissions (Chou and
Chen, 2004; Ko et al., 2005; Mulgundmath et al., 2012). Vari-
ous separation techniques, such as liquid solvent absorption,
membrane separation, cryogenic techniques, and adsorption
over solid sorbents, are increasingly used to reduce CO2 emis-
sions (Gomes and Yee, 2002; Takamura et al., 2001). At present,
the most widely used technology for the removal of CO2 from
gaseous mixtures is amine absorption (Delgado et al., 2006b;
Leci, 1996). However, this process is energy-intensive during
the regeneration of solvent and is also plagued by exten-
sive corrosion of the process equipment (Chue et al., 1995;
Gray et al., 2004, 2005; Ko et al., 2005; Shafeeyan et al., 2011).
It is therefore important to explore economical and energy-
efficient alternative approaches for CO2 separation (Grande
et al., 2008; Xu et al., 2005).

Recently, it was reported that the cost associated with
CO2 capture can be reduced below the cost of conventional
absorption with liquid solvents by using adsorption separa-
tion technologies (Ho et al., 2008; Radosz et al., 2008). Several
technological advances in the field of CO2 capture by adsorp-
tion have been developed around the world, demonstrating
the attractiveness of this technique for post-combustion treat-
ment of flue gas (Dantas et al., 2011a,b; Grande et al., 2008). Two
main adsorption technologies are viewed as feasible for CO2

separation and purification on a large scale: pressure/vacuum
swing adsorption (PSA/VSA) and temperature swing adsorp-
tion (TSA) (Chue et al., 1995; Clausse et al., 2004; Plaza et al.,
2009, 2011). Recent developments have demonstrated that PSA
is a promising option for separating CO2 due to its ease of
applicability over a relatively wide range of temperature and
pressure conditions, its low energy requirements, and its low
capital investment costs (Agarwal et al., 2010b; Cen and Yang,
1985; Delgado et al., 2006b; Gomes and Yee, 2002). Many  stud-
ies concerning CO2 removal from various flue gas mixtures
by means of PSA processes have been addressed in the lit-
erature (Agarwal et al., 2010b; Chaffee et al., 2007; Chou and
Chen, 2004; Chue et al., 1995; Grande et al., 2008; Ho et al., 2008;
Kikkinides et al., 1993; Ko et al., 2003; Mulgundmath et al., 2012;
Na et al., 2001; Reynolds et al., 2005; Sircar and Kratz, 1988;
Xiao et al., 2008). Prior to the design of an adsorption process,
selecting an appropriate adsorbent with high selectivity and
working capacity, as well as a strong desorption capability, is
key to separating CO2. As a result, a wide variety of adsorbents,
such as activated carbons, synthetic zeolites, carbon molecu-
lar sieves, silicas, and metal oxides, have been investigated in
recent years for this purpose (Chue et al., 1995; Dantas et al.,
2011a,b; Moreira et al., 2006; Plaza et al., 2011; Xu et al., 2005).

The design of an appropriate adsorption process requires

the development of a model that can describe the dynam-
ics of adsorption on a fixed bed with the selected adsorbent
(Dantas et al., 2011a,b; Delgado et al., 2006a; Lua and Yang,
2009). The absence of an accurate and efficient adsorption
cycle simulator necessitates the use of data from experimen-
tal units to develop new processes. This empirical design of
an adsorption column through extensive experimentation on
process development units tends to be expensive and time
consuming (Siahpoosh et al., 2009). A predictive model using
independently established equilibrium and kinetic parame-
ters may provide, in principle, a method of estimating the
column dynamic capacity without extensive experimentation.
A fixed-bed column mathematical simulation that consid-
ers all relevant transport phenomena is therefore required
to obtain a better understanding of the behavior of new
adsorbents during the adsorption/desorption cycles and for
optimization purposes. Moreover, these models are capable
of estimating the breakthrough curve and temperature pro-
file for a certain constituent in the bulk gas at all locations
within the packed column. This experimentally verified model
is then used to conduct an extensive study to understand the
effects of various process parameters on the performance of
the PSA cycle. These are the main reasons why the mathemati-
cal modeling of adsorption processes has attracted a great deal
of attention among researchers.

In general, prediction of column dynamics behavior
requires the simultaneous solution of a set of coupled partial
differential equations (PDEs) representing material, energy,
and momentum balances over a fixed bed with the appro-
priate boundary conditions (Hwang et al., 1995). Because the
simultaneous solution of a system of PDEs is tedious and
time consuming, the use of simplified models capable of sat-
isfactorily predicting fixed-bed behavior is desirable. Many
attempts have been made to evaluate and develop simplify-
ing assumptions to decrease computational time and facilitate
optimization studies. A review of the literature reveals the
development of simplifying assumptions mainly on the repre-
sentation of mass transfer phenomena within the adsorbent
particles as an alternative pathway to simplify fixed-bed
adsorption calculations. Modeling and optimization of the
fixed-bed adsorption of CO2 has developed over the past three
decades and is still of great interest to investigators. This
review presents a fairly extensive survey of previous stud-
ies on the mathematical modeling of the CO2 adsorption
process in a packed column. Various models for gas–solid
adsorption equilibria as well as different descriptions of the
mass transfer mechanisms within the adsorbent particle are
reviewed. In addition to concentration variation, other aspects
of adsorption in a fixed bed, such as temperature and pressure
variations, are also studied. The purpose of this study was to
investigate the mathematical models capable of simulating
the dynamic behavior of the fixed-bed adsorption of carbon
dioxide.

2.  Overview  of  the  prediction  of  adsorption
column  dynamics

In most adsorption processes, the adsorbent is in contact with
a fluid in a packed bed. An understanding of the dynamics
behavior of such systems is therefore required for rational
process design and optimization (Rutherford and Do, 2000a).
The dynamics behavior of an adsorption column system can
be classified based on the nature of the gas–solid equilibrium
relationship of fluid constituents and the complexity of the

mathematical model required for describing the mechanism
by which the mass transfer from the fluid to the solid phase
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ccurs (Ruthven, 1984). The gas–solid adsorption equilibrium
ndicates the limiting capacity for solute separation from the
as phase into the solid phase. It is the most important process
hat controls the dynamics behavior of a packed column so
hat the general nature of a mass transfer zone is determined
ntirely by the equilibrium isotherm. Therefore, due to varia-
ions in the composition/temperature with respect to time and
ocation within the adsorption column and the consequent
ffects on the adsorption equilibrium relation, a comprehen-
ive gas–solid equilibrium model is needed. Several authors
ave reported experimental evidence of these effects in a
olumn packed with microporous adsorbents (Carta, 2003).
he complexity of the mathematical model, in turn, depends
n the concentration level, the choice of rate equation, and
he choice of flow model (Ruthven, 1984). In addition, tem-
erature changes may also affect the concentration profiles,
articularly for high-concentration feeds in which the heat of
dsorption generates thermal waves  in both axial and radial
irections. Therefore, apart from the mass transfer effects on
dsorption rate, the effects of heat generation and heat trans-
er in the adsorbent bed must also be considered (Rezaei and
rahn, 2012). Moreover, the axial pressure along the bed may
ot be constant. As a consequence, a momentum balance also
as to be included in the model.

Table 1 provides a comprehensive classification scheme of
he summary of the fixed-bed column mathematical models
or carbon dioxide adsorption developed over the last three
ecades. All of the models assume that the gas phase fol-

ows  the ideal gas law. The flow pattern is described by the
lug flow or axially dispersed plug-flow model. It is further
ssumed that the radial gradients of concentration and, where
pplicable, temperature and pressure are negligible (with the
xception of models 4 and 20). The assumption that the radial
radient is negligible has been widely accepted in many  other
tudies (Jee et al., 2002; Kim et al., 2006, 2004). The majority
f the models reviewed here include the effects of the finite
ass transfer rate, resulting in a theoretical representation

hat more  closely approaches a real process. Most of the afore-
entioned models use a linear driving force approximation

o describe the gas–solid mass transfer mechanism. Some of
hese models consider the effects of heat generation and heat
ransfer in the adsorbent bed, which may affect the adsorption
ates. Moreover, in modeling the non-isothermal operation of
dsorption processes occurring in packed beds, it is also com-
only assumed that the heat transfer resistance between the

as and the solid phases is negligible and that they reach
hermal equilibrium instantaneously. With the exception of

odels 15–17, 21, 24, 26–27, 29–30, 31, and 33, the pressure
rop across the adsorbent bed is neglected, and the column is
ssumed to operate at constant pressure. Most of the adsorp-
ion equilibrium is described using non-linear isotherms such
s the Langmuir isotherm or a hybrid Langmuir–Freundlich
sotherm; only rarely have linear isotherms been used.

.  Development  and  analysis  of  a
athematical  model

he fixed-bed column mathematical models are used to
redict the transient behavior of the concentration and
emperature profiles for any defined changes in the initial
arameters such as feed concentration, temperature, and flow
ate. A complete mathematical model capable of describing

he dynamics behavior of a fixed-bed adsorption system is
stablished based on a set of fairly complex partial differential
and algebraic equations (PDAEs) constructed from conser-
vation of mass, energy, and momentum and augmented
by appropriate transport rate equations and equilibrium
isotherms (Hwang et al., 1995). The models used to represent a
PSA process differ mainly in the form of the mass transfer rate,
the form of the equilibrium isotherm, thermal effects, and
the pressure drop along the bed. General descriptions of the
above-mentioned items are presented in the following subsec-
tions. Many  mathematical models for gas–solid adsorption in
an adsorption column have been published over the past few
decades, and there is still interest in developing a description
of the dynamic evolution of such systems (Afzal et al., 2010;
Leinekugel-le-Cocq et al., 2007).

3.1.  Fluid  phase  material  balance

The transient gas phase component mass balance, which
includes the axial dispersion term, convection flow term,
accumulation in the fluid phase, and source term caused by
the adsorption process on the adsorbent particles, can be rep-
resented by the following equation for a differential control
volume of the adsorption column (Ruthven, 1984; Yang, 1987):

−Dzi
∂2ci

∂z2
+ ∂

∂z
(uci) + ∂ci

∂t
+

(
1 − εb

εb

)
�p

∂qi

∂t
= 0 (1)

where ci represents the adsorbate concentration in the fluid
phase; z is the distance along the bed length; u is the fluid
velocity; t denotes time; εb is the bed void fraction; �p is the par-
ticle density; qi denotes average concentration of component
i in adsorbent particle, which forms a link between the fluid
and solid-phase mass balance equations; and the effects of all
mechanisms that contribute to axial mixing are lumped into a
single effective axial dispersion coefficient, Dzi, which can be
estimated using the following correlation (Da Silva et al., 1999;
Ruthven, 1984; Wakao and Funazkri, 1978; Welty et al., 2000;
Yang, 1987):

εbDzi

Dmi
= 20 + 0.5ScRe (2)

where Dmi is the molecular diffusivity of component i and Sc
and Re are the Schmidt and Reynolds numbers, respectively.

The above equation, Eq. (1), is used to find the distribution
of gas composition along the bed. Assuming no radial depend-
ence of concentration and solid loading, ci and qi, represent
cross-sectional average values (these variables are functions
of t and z).

The well-known Danckwert’s boundary conditions for a
dispersed plug flow system can be assumed as follows
(Khalighi et al., 2012; Wehner and Wilhelm, 1956):

Dzi
∂ci

∂z

∣∣∣
z=0

= −u|z=0 (ci

∣∣
z=0− − ci|z=0) (3)

∂ci

∂z

∣∣∣
z=L

= 0 (4)

where ci|z=0− represents the feed composition for component
i and L is the bed length.

In the above model, Eq. (1), if the flow pattern is represented
as plug flow, axial dispersion can be neglected, and therefore
the term −Dzi

(
∂2ci/∂z2

)
can be dropped, reducing Eq. (1) to a
first-order hyperbolic equation. This is a reasonable approx-
imation, particularly for large industrial units, for which the
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Table 1 – Summary of the dynamics models for fixed-bed adsorption of carbon dioxide.

Model assumptions

No.
Equilibrium
relationship

Flow pattern
Mass transfer
rate model

Heat effects Others Application Solution method Results and comments Ref.

1 Linear
equilibrium
isotherm

Plug flow Local equilibrium
model

Isothermal No radial variation in
concentration
Negligible pressure drop
Trace system*

PSA separation
of carbon dioxide
from a He–CO2

mixture using
silica gel

Analytical results
from a linear
mathematical
model obtained
by the method of
characteristics

The model provided a
qualitative or semi
quantitative process
description. Due to
neglecting the effects of
mass transfer resistance
some of the detailed
behavior differed from
experimental results

Shendalman and
Mitchell (1972)

2 A hybrid
Langmuir–
Freundlich
isotherm

Plug  flow Local equilib-
rium/linear
driving force
(LDF)
approximation
model

Non-isothermal No radial variations in
concentration and
temperature
Thermal equilibrium
between the fluid and
particles

Separation of
coal gasification
products
containing H2,
CO, CH4, H2S,
and CO2 by PSA
using activated
carbon

The model was
solved using an
implicit finite
difference
method which
was stable and
convergent

Poor comparison with
experimental data for
the predictive
equilibrium model. The
major discrepancy was
in the CO2

concentration. The
results of the LDF model
were in fair agreement
with the experimental
data. Mass transfer
coefficient for CO2 was
determined empirically

Cen and Yang
(1985)

3 Linear
equilibrium
isotherm

Axial dispersed
plug flow

LDF
approximation
with
non-constant
coefficient

Isothermal Negligible radial gradient
of concentration
Negligible pressure drop
Trace system

PSA  separation
of carbon dioxide
from a He–CO2

mixture using
silica gel

The solution to
the model
equations was
obtained by
orthogonal
collection and
using finite
difference
methods with
consistent
results

The theoretical curves
based on the
assumption of inverse
dependence of the mass
transfer coefficient with
the pressure provided a
good representation of
the experimental results

Raghavan et al.
(1985)

4 Linear
equilibrium
isotherm

Axial dispersed
plug flow

Pore diffusion
model

Non-isothermal Negligible radial
concentration gradient
Radial temperature profile
in the column/uniform
temperature over the
column cross-section
Negligible axial pressure
gradient
Constant temperature of
the column wall

Theoretical and
experimental
studies on the
CO2 capture in a
column packed
with activated
carbon particles

Analytical
solution was
performed in the
Laplace domain
under the
condition of a
semi-infinite
column

The
central-axis-thermal
waves  measured at
various axial locations
in the column were in
good agreement with
those predicted

Kaguei et al.
(1989, 1985)
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5 A hybrid
Langmuir–
Freundlich
isotherm

Plug flow Local equilibrium
model.
Pore/surface
diffusion models

Non-isothermal Negligible radial gradients
in temperature and
concentrations. Thermal
equilibrium between the
fluid and particles
Negligible pressure drops
in the bed

Separation of gas
mixtures
containing CO2,
CH4, and H2

(one-third each
by volume) by
PSA using
activated carbon

The models were
solved
numerically by
employing finite
difference
method

The Knudsen plus
surface diffusion model
provided the best fit
when compared to the
experimental data. Due
to the assumption of
infinite pore diffusion
rate, the ILE model
predicted a later
breakthrough plus a
lower concentration for
CO2

Doong and Yang
(1986)

6 Langmuir
isotherm

Plug flow LDF approxima-
tionmodel with a
cycle
time-dependent
coefficient

Isothermal Negligible radial
concentration gradient
Negligible pressure drop

PSA separation of
a CO2 (50%)–CH4

(50%) mixture
using a carbon
molecular sieve

The model was
solved using an
implicit
backward finite
difference
scheme, which
was both stable
and convergent

The  model predictions
were reasonable and the
average difference
between the model
prediction and
experimental result was
within 3.0%

Kapoor and Yang
(1989)

7 Langmuir
isotherm

Plug flow Local equilibrium
model

Non-isothermal
(adiabatic)

No radial variations in
concentration and
temperature
Thermal equilibrium
between the fluid and
particles
Negligible pressure drop

Separation of
carbon dioxide
from binary gas
mixtures
(CO2/N2,
CO2/CH4, and
CO2/H2) using
BPL carbon and
5A zeolite

A  set of PDEs was
reduced to ODEs
and solved by
using the
numerical
technique of
finite differences

The adiabatic
simulation of the
blowdown step showed
that an isothermality
assumption is
inadequate for process
design. However, it
could be an excellent
tool for predicting the
column behavior and
trends in a semi
quantitative manner

Kumar (1989)

8 Langmuir
isotherm

Plug flow LDF
approximation
Model

Non-isothermal Negligible radial
temperature and
concentration gradients
Thermal equilibrium
between the gas and solid
phases
Negligible pressure drop
through the bed

CO2 capture from
a mixture of N2

(90%)–CO2 (10%)
by PSA using 5A
molecular sieve

The non-linear
rate equations
were solved
using
Runge–Kutta–
Merson method.
Adsorbate
concentration
and temperature
profiles were
predicted using
an implicit
backward
difference
approximation

A  comparison of
experimental
breakthrough and
temperature profiles
with model predictions
revealed that the model
reproduced the
experimental data
satisfactorily, which
indicates that the
assumptions the model
is based on are valid for
this system

Mutasim and
Bowen (1991)
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Table 1 (Continued)

Model assumptions

No.
Equilibrium
relationship

Flow pattern
Mass transfer
rate model

Heat effects Others Application Solution method Results and comments Ref.

9 Langmuir
isotherm

Axial dispersed
plug flow

LDF
approximation
model

Isothermal No radial variations in
concentration
Negligible pressure
gradient across the bed

Investigation of
adsorption and
desorption
breakthrough
behaviors of CO
and CO2 on
activated carbon

A set of PDEs was
solved by the
method of
orthogonal
collection. The
resulting set of
ODEs was solved
numerically in
the time domain
by using DGEAR
of the
International
Mathematical
and Statistical
Library (IMSL)
which employs
Gear’s stiff
method with
variable order
and step size

The experimental
adsorption and
desorption curves were
predicted fairly well by
the LDF model and the
pressure dependent
mass transfer
coefficients calculated
from a single
component system
provided a reasonably
good representation of
adsorption and
desorption data for a
multi-component
system

Hwang and Lee
(1994)

10 Langmuir
isotherm/Ideal
adsorbed
solution theory
(IAST)

Plug flow LDF
approximation
model

Non-isothermal No radial concentration
and temperature
gradients
Negligible axial pressure
gradient

Fixed-bed
adsorption of a
N2 (85%)–CO2

(15%) mixture
using a of X-type
zeolite

A set of
differential
equation with
the initial and
boundary
conditions was
solved by using
the solver LSODA

A  comparison between
concentration and
temperature history
curves with theoretical
results revealed that the
presented model could
predict the dynamic
behavior of the
adsorption bed, even
though a slight
deviation was observed
after the maximum
point

Kim et al. (1994)
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11 Langmuir
isotherm

Plug flow LDF
approximation
model with
lumped mass
transfer
coefficient

Non-adiabatic,
adiabatic, and
isothermal

Negligible radial velocity,
temperature, and
concentration gradients
Negligible pressure
gradient across the bed

Fixed-bed
adsorption of
carbon dioxide
(with helium as
the carrier gas)
on activated
carbon

A set of PDEs was
solved by the
numerical
method of lines.
The resulting set
of ODEs was
solved by using
the subroutine
DIVPAG of the
IMSL library,
while the
non-linear
algebraic
equation was
solved by using
the subroutine
DNEQNF of the
same library

The model provided a
good representation of
the experimental
breakthrough and
temperature curves.
Since the mass transfer
coefficients were
determined by fitting
the experimental data,
the disadvantage of this
model is the
determination of a new
value for the effective
mass transfer
coefficient for each run

Hwang et al.
(1995)

12 Extended
Langmuir–
Freundlich
isotherm

Plug flow LDF
approximation
model with a
single lumped
mass transfer
coefficient

Non-isothermal Negligible radial gradients
in temperature and
concentrations
Thermal equilibrium
between the fluid and
particles
Negligible pressure drops
in the bed

Separation of a
binary mixture
H2 (70%)–CO2

(30%) by PSA
using zeolite 5A

A set of PDAEs
representing the
packed column
were solved by a
flux corrected
third-order
upwind method.
Numerical
oscillation,
which often
appears when a
convection
equation is
solved, is
eliminated by the
flux corrected
scheme

The predicted values
matched significantly
with the experimental
results at shorter
adsorption time. The
errors at longer
adsorption time were
attributed to a partial
breakthrough of mass
transfer zone during
cocurrent
depressurization and/or
blowdown/purge steps

Yang et al. (1995)
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Table 1 (Continued)

Model assumptions

No.
Equilibrium
relationship

Flow pattern
Mass transfer
rate model

Heat effects Others Application Solution method Results and comments Ref.

13 Langmuir
isotherm

Plug flow LDF
approximation
model

Isothermal No radial variation in
concentration
Negligible pressure drop
Trace system

Removal and
concentration of
CO2 dilute gas
from air by PSA
using three types
of commercial
molecular-sieve
zeolites (13X, 5A,
and 4A)

A set of
equations
describing the
system was
solved by Euler’s
method

Good agreement
between the model and
the experimental
results was obtained
particularly for values of
between the ratio of
feed/enriched product
flow rates = 3 and 6.
Also, at the point the
ratio of feed/lean
product flow rates <2,
where the solute
balance was not
satisfactory, the
agreement was not
quite good

Diagne et al.
(1996)

14 Langmuir
isotherm

Plug flow LDF
approximation
model

Non-isothermal No radial concentration
and temperature
gradients
Thermal equilibrium
between the gas phase
and adsorbents
Negligible axial pressure
gradient

Layered-bed PSA
separation of a
typical cracked
gas mixture (H2,
CH4, CO, and
CO2) using
activated carbon
followed by
zeolite 5A

To  solve a set of
coupled PDAEs,
the spatial
derivatives were
divided using a
backward
difference
scheme, and the
resulting
ordinary
differential
equations were
solved with the
GEAR method

The  agreement between
the experimental and
theoretical prediction
was good that indicate
validity of the present
model. The overall mass
transfer coefficients
were obtained by fitting
the breakthrough data.
The experimental
effluent temperature
was much lower than
the model prediction
because the model did
not take into account
the heat loss to the end
of the column

Park et al. (2000,
1998)
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15 Extended
Langmuir–
Freundlich
isotherm

Axial dispersed
plug flow

LDF
approximation
model with a
single lumped
mass transfer
coefficient

Non-isothermal Negligible radial gradients
of concentration, pressure
and temperature
Thermal equilibrium
between the fluid and
particles
Pressure drop along the
bed was calculated by the
Ergun equation

Layered-bed PSA
separation of a
coke oven gas
containing H2,
CH4, CO, N2, and
CO2 using
activated carbon
and zeolite 5A

A set of coupled
PDEs was solved
using a finite
difference
method. The
spatial
dimension was
discretized by
using a
second-order
central
difference and a
second-order
backward
difference for the
second-order
and the
first-order space
derivatives,
respectively

In spite of the frozen
solid-phase model, the
utilized LDF model
could predict a transient
variation of the effluent
stream during
pressurization and
depressurization steps
and simulated results of
the dynamic model
agreed well with the
PSA experimental
results. The
experimental data
resulted in slightly
higher recovery than
predicted (4% error)

Lee et al. (1999)

16 Langmuir–
Freundlich
isotherm

Axial dispersed
plug flow

LDF
approximation
model

Non-isothermal No radial variations in
temperature, pressure,
and concentration
The Ergun equation was
used to estimate the
pressure drop

Packed bed
adsorption of
carbon dioxide,
nitrogen, and
water on
molecular sieve
5A

A set of partial
differential
equations was
solved using
finite differences
and Newmans’s
method

The model provided a
reasonable fit to
experimental
adsorption data.
However, comparing the
experimental data with
the model prediction
suggested that a 2D
model is required for
accurate simulation of
the average column
breakthrough
concentration

Mohamadinejad
et al. (2000)

17 Langmuir
isotherm

Axial dispersed
plug flow

Local  equilibrium
model/LDF
model based on
pore diffusion

Non-isothermal No radial concentration,
pressure and temperature
gradients
Pressure distribution was
described by the Ergun
equation
Thermal equilibrium
between the gas and
particles

High
temperature
carbon dioxide
adsorption on
hydrotalcite
adsorbent

The equations
were solved in
the gPROMS
modeling
environment.
The spatial
discretization
method of
orthogonal
collocation on
finite elements
was employed

The  LDF model was
found to give a good
description of the
adsorption and
desorption data
especially for high feed
CO2 concentrations. The
ILE model failed to give
an adequate description
of the desorption
kinetics

Ding and Alpay
(2000)
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Table 1 (Continued)

Model assumptions

No.
Equilibrium
relationship

Flow pattern
Mass transfer
rate model

Heat effects Others Application Solution method Results and comments Ref.

18 Langmuir
isotherm

Plug flow LDF
approximation
model

Isothermal Negligible radial gradient
of concentration
Negligible pressure drop

CO2 recovery
from boiler
exhaust gas
(containing CO2

and N2) by PSA
using Na-X and
Na-A type
zeolites

A  set of
equations
describing the
system was
discretized in
space and the
resulting set of
ordinary
differential
equations with a
variable time
step was solved

Both simulation and
experimental results
showed the same trend
of the recovery
efficiency and the CO2

concentration of the
recovery gas with
respect to the variation
of the feed gas flow rate

Takamura et al.
(2001)

19 Extended
Langmuir
isotherm

Plug flow LDF
approximation
model

Non-isothermal
(adiabatic)

Negligible gradients in
radial concentration and
temperature
Negligible pressure drop

CO2 recovery
from a flue gas
(containing 83%
N2, 13% CO2, and
4% O2) by PSA
using zeolite 13X

A  MATLAB
function based
on sequential
quadratic
programming
(SQP) method
was used to solve
the constrained
non-linear
programming
optimization
problem

The analysis of
breakthrough curves
showed good agreement
with simulation data.
However, analysis of
temperature changes in
the adsorption beds
revealed some
discrepancy between
simulations and
experiments

Choi et al. (2003)

20 Ideal adsorption
solution theory
(IAST)

Non-Darcian
flow model (2D
flow)

LDF
approximation
model

Non-isothermal Variations in temperature,
concentration, and
velocity along the radial
direction of column

Carbon dioxide
adsorption from
a mixture of
(CO2, N2, and
H2O) in a column
packed with
zeolite 5A

A  set of coupled
PDEs was
discretized by
first- or
second-order
differences in
time and spatial
dimensions. The
set of discretized
finite difference
equations was
solved
simultaneously
by the implicit
method of
Newman

The  model prediction of
breakthrough curves
definitely matched the
obtained experimental
data. The temperature
profile results of 2D
model also estimated
the experimental data
fairly well. The few
degree discrepancy
between the model and
experimental data was
attributed to prediction
of heat transfer
coefficients

Mohamadinejad
et al. (2003)
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21 O’Brien–Myers
isotherm

Axial  dispersed
plug flow

LDF
approximation
model with an
adjustable mass
transfer
coefficient

Adiabatic,
near-adiabatic,
and  isothermal

Negligible radial
and angular
gradients in
concentration,
temperature and
velocity
Thermal
equilibrium
between the gas
and the adsorbent
The momentum
equation
represented by
Ergun’s equation

Adsorption of a
30% CO2–10%
C2H6 mixture in
nitrogen (inert
carrier gas) by
TSA using
Ambersorb 600
adsorbent

To  solve a set of
differential
equations, the
numerical method of
lines was retained.
For the spatial
discretization, a
finite volumes
scheme with two
staggered grids was
chosen: one for the
velocity and one for
the temperature,
pressure and
concentrations (gas
and adsorbed
phases). The set of
PDAEs obtained was
integrated by
employing an
integrator (DASPK
2.0)

For low mass transfer
coefficients (<0.01) the
numerical breakthrough
curves were too
dispersive when
compared to the
experimental ones. For
higher values, the
numerical curves were
identical the ones to the
others and agreed well
with the experimental
measurements

Clausse et al.
(2004)

22 Extended
Langmuir
isotherm

Axial  dispersed
plug flow

Local equilibrium
model

Non-isothermal The concentration
and temperature
gradients in the
radial direction
and the pressure
drop in the bed
were neglected
Instantaneous
thermal
equilibrium
between the solid
and gas phases

CO2 removal
from a flue gas
(containing 80%
N2 and 20% CO2)
by VSA using
zeolite 13X

The PDEs were
converted to ODEs
by the method of
lines with adaptive
grid points. The
estimation of the
spatial derivatives
was made from the
upwind difference,
and the cubic spline
approximation was
used to estimate the
flow rates in the
adsorptive bed. The
concentration,
temperature, and
adsorption quantity
were integrated with
respect to the time
in the bed by LSODE
of ODEPACK
software

Comparison of the
simulation results of the
CO2 concentration and
the CO2 recovery with
experimental results
indicated that the data
trends were similar
although the simulation
values were slightly
lower than the
experimental data. The
difference was
attributed to the
application of an
imprecise adsorptive
isotherm

Chou and Chen
(2004)
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Table 1 (Continued)

Model assumptions

No.
Equilibrium
relationship

Flow pattern
Mass transfer
rate model

Heat effects Others Application Solution method Results and comments Ref.

23 Langmuir
isotherm

Axial dispersed
plug flow

LDF
approximation
model

Isothermal No radial variations in
concentration

Prediction of the
dynamics of CO2

breakthrough in
a carbon
monolith column

The system of
partial
differential-
algebraic
equations
(PDAEs) was
coded in gPROMS
software to
obtain a
numerical model

The model that included
the detailed structure of
the monolith provided
an excellent match to
experimental results
whereas the model
based on the equivalent
single channel approach
incorrectly predicted
higher separation
efficiencies at different
concentrations

Ahn and
Brandani (2005)

24 Multisite
Langmuir
isotherm

Axial dispersed
plug flow

A double LDF
approximation
model to express
macropore and
micropore
diffusion
equations

Non-isothermal
(adiabatic)

Negligible heat, mass, and
momentum transport in
the radial direction of the
column
Pressure drop was
described using Ergun
equation

Separation of a
mixture of CH4

(55%)–CO2 (45%)
by VSA–PSA
technology using
a Takeda carbon
molecular sieve
3 K

The  fixed-bed
model was
solved in
gPROMS (PSE
Enterprise,
London, U.K.)
using orthogonal
collocation
method on finite
elements with 25
finite elements
and 2 interior
collocation
points per
element

The  proposed model
was able to predict well
the behavior of the
binary mixture in a
fixed bed. Darken’s law
provided a successful
correction of the
micropore diffusion
coefficients in the
non-linear regions of
the isotherms

Cavenati et al.
(2005)

25 Langmuir
isotherm

Axial dispersed
plug flow

LDF
approximation
model

Isothermal Negligible radial
concentration gradient
Negligible pressure drop

Adsorption of
carbon dioxide
from mixtures of
CO2 diluted in
helium onto a
hydrotalcite-like
Al–Mg
compounds in a
fixed bed

A  set of PDAEs
was solved using
the PDECOL
package in the
FORTRAN
language, which
is based on the
method of
orthogonal
collocation of
finite elements
for partial
differential
equations in
double precision

The dispersion and
mass transfer
coefficients were
calculated by theoretical
correlations and the
model described quite
very well the dynamics
of CO2 adsorption in a
fixed bed

Moreira et al.
(2006)
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26 Extended
Langmuir–
Freundlich
isotherm

Axial dispersed
plug flow

General LDF
model with
constant diffu-
sivity/modified
LDF model with
concentration-
dependent
diffusivity

Non-isothermal Negligible radial
concentration and
temperature gradients
Thermal equilibrium
between fluid and
particles
The pressure drop along
the bed was calculated by
the Ergun equation

PSA  separation
of a mixture of
CH4/CO2

(50/50 vol%)
using Takeda 3A
carbon
molecular sieve

The gPROMS
modeling tool
developed by
Process Systems
Enterprise Ltd.
was used to
obtain the
solution of the
dynamic
simulation of the
model

Compared with the LDF
model with constant
diffusivity the
experimental
breakthrough curves
and adsorption
dynamics, was
well-predicted by using
the proposed
non-isothermal and
non-adiabatic modified
LDF model with
concentration-
dependent
diffusivity

Kim et al. (2006)

27 Extended
Langmuir
isotherm

Axial dispersed
plug flow

LDF
approximation
model with a
single lumped
mass transfer
coefficient

Non-isothermal Negligible gradients in
radial concentration and
temperature
Thermal equilibrium
between the gas and
particles
The momentum balance
represented by Ergun’s
equation

Fixed-bed
adsorption of
binary gas
mixtures
(CO2/He, CO2/N2,
and CO2/CH4)
onto silicalite
pellets, sepiolite,
and a basic resin

The complete
model was
solved
numerically
using the
PDECOL program
that uses
orthogonal
collocation on
finite elements
technique

The model described
adequately the
breakthrough curves for
the experiments with
low CO2 concentration,
whereas the error was
higher for the runs with
higher CO2

concentration. The
quality of the prediction
was improved
introducing interaction
factors in this model,
because of the strong
interactions between
the adsorbed CO2

molecules

Delgado et al.
(2006a,b, 2007a,b)

28 Langmuir
isotherm

Axial dispersed
plug flow

A  double LDF
approximation
model

Non-isothermal Negligible radial
variations in
concentration and
temperature
Thermal equilibrium
between the gas and solid
phases
Negligible pressure drop

Adsorption of a
mixture of CH4

(70%)–CO2 (30%)
in a column
packed with
bidisperse
adsorbent (5A
zeolite)

Orthogonal
collocations were
used as a spatial
discretization
method. The
resulting
ordinary
differential-
algebraic system
of equations was
solved by the
DDASPG
integration
subroutine (IMSL
library), based on
the Petzold–Gear
BDF method

The  presented model
fitted well with
experimental data, for
both outlet composition
and bed temperature.
This indicated that the
approximations
proposed in this study
give a good
representation of the
intraparticle mass
transfer

Leinekugel-le-
Cocq et al.
(2007)
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Table 1 (Continued)

Model assumptions

No.
Equilibrium
relationship

Flow pattern
Mass transfer
rate model

Heat effects Others Application Solution method Results and comments Ref.

29 Multisite
Langmuir
isotherm

Axial  dispersed
plug flow

A  rigorous
description for
macropore
diffusion model
as well as an LDF
approximation
for micropre
diffusions

Non-isothermal No radial variations in
temperature, pressure,
and concentration
The pressure drop was
described by Darcy’s law

Low-
concentration
CO2 removal
from flue gas
streams by
electric swing
adsorption using
monolith

The mathematical
model was solved
using gPROMS 3.01
(PSE Enterprise,
United Kingdom)

The  results showed that
both adsorption and
desorption curves were
not symmetrical, which
cannot be accurately
described by the
employed mathematical
model. This was
attributed to the
channels with different
sizes in the boundaries
of the honeycomb

Grande and
Rodrigues (2008)

30 Virial isotherm
model

Axial dispersed
plug flow

A  double LDF
approximation
model to express
macropore and
micropore
diffusion
equations

Non-isothermal No mass, heat or velocity
gradients in the radial
direction
Thermal equilibrium
between the gas and solid
phases
The momentum balance
represented by Ergun’s
equation

Separation of gas
mixtures
containing CO2,
CH4,  CO, N2 and
H2 by PSA using
activated carbon

The numerical
solutions were
performed with
gPROMS (PSE
Enterprise, UK) using
the orthogonal
collocation on finite
elements as the
numerical method

A  good agreement was
observed between the
experimental and the
predicted concentration
history at the end of the
column and also the
temperature evolution
within the column. A
deviation between the
adsorbed amount
obtained
experimentally and the
predicted by the model
was lower than 10%

Grande et al.
(2008)

31 Toth isotherm Axial dispersed
plug flow

LDF
approximation
model with a
single lumped
mass transfer
coefficient

Non-isothermal
(adiabatic/non-
adiabatic)

Negligible  radial
concentration and
temperature gradients
The momentum balance
represented by Ergun’s
equation

Fixed-bed
adsorption of
binary gas
mixtures
(CO2/He and
CO2/N2) using
activated carbon
and zeolite 13X

The mathematical
model was solved
using the
commercial
software gPROMS
(Process System
Enterprise Limited,
UK). The orthogonal
collocation method
on finite elements
was used with six
finite elements and
three collocation
points in each
element of the
adsorption bed

The  model acceptably
reproduced the
experimental data for
the different feed
concentrations and
temperatures. By using
the Toth equation for
pure components, the
simulated curve fitted
well the experimental
data, whereas a
deviation was observed
for multicomponent

Dantas et al.
(2009, 2011a,b)
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32 Virial isotherm
model/Multisite
Langmuir
isotherm

Axial dispersed
plug flow

A  rigorous
description of
macropore and
micropore
diffusion models

Isothermal Negligible radial
concentration gradient
Constant velocity within
the column

Adsorption of
CO2 on
pitch-based
activated carbon

Simulations of
the presented
mathematical
model were
performed in
gPROMS (PSE
Enterprise, UK)
using the
orthogonal
collocation on
finite elements

An exponential
dependence of the
micropore diffusivity
with temperature was
shown to correctly
describe the
experimental data
within the temperature
range studied

Shen et al. (2010)

33 Dual-site
Langmuir
isotherm

Plug flow LDF
approximation
model with
lumped mass
transfer
coefficient

Non-isothermal No radial variations in
temperature, pressure,
and concentration
The gas and the solid
phases are in thermal
equilibrium
The pressure drop along
the bed was calculated by
the Ergun equation

CO2 capture from
an 85% to 15%
N2–CO2 feed
mixture using
PSA cycles/CO2

capture from a
synthesis gas
feed mixture
(55% H2 and 45%
CO2) using PSA
cycles

A complete
discretization
approach that
uses the finite
volume method
was applied in
both spatial and
time domains,
and the resulting
large-scale
non-linear
programming
problem (NLP)
was solved using
an interior point
NLP solver

The  results indicated
the potential of the
superstructure
approach to predict PSA
cycles with up to 98%
purity and recovery of
CO2. Verifications of the
accuracy of the
discretization scheme
showed this approach is
reasonably accurate in
capturing the dynamics
of PSA systems
governed by hyperbolic
PDAEs and steep
adsorption fronts, and
can be used for PSA
systems with efficient
NLP solvers

Agarwal et al.
(2010a,b)

34 Langmuir
isotherm

Axial dispersed
plug flow

LDF
approximation
model for
external fluid
film mass
transfer/a
rigorous
description of
pore diffusion
model for
intraparticle
mass transfer

Non-isothermal Negligible radial
temperature and
concentration gradients
Negligible pressure drop

Fixed-bed
adsorption of
carbon dioxide
from a CO2–N2

gas mixture (10%
CO2 in 90% N2)
using zeolite 13X

– The curvature of the
concentration
breakthrough curve
including the noted
tailing was predicted
with good accuracy.
Energy profile was
predicted with lower
accuracy. However, the
point at which the
temperature
breakthrough occurs
was estimated with
good accuracy which is
the most important
factor for industrial
applications

Mulgundmath
et al. (2012)

∗ The adsorbable component is present at only low concentration in an inert carrier.
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term representing the axial dispersion is very small compared
to the convection term (Simo et al., 2008).

As a result of pressure and temperature variations, gas den-
sity and hence gas velocity vary along the bed. The following
equation expressing the overall material balance for the bulk
phase in the adsorption column is used to find the velocity
distribution through the bed (Ko et al., 2005):

−Dzi
∂2C

∂z2
+ ∂ (uC)

∂z
+ ∂C

∂t
+

(
1 − εb

εb

)
�p

n∑
i=1

∂qi

∂t
= 0 (5)

where C is the total concentration in the bulk phase and n is
the number of components.

Applying the ideal gas law (ci = yiP/RTg), the overall mass
balance equation can be expressed as follows (Ahn et al., 2001;
Lee et al., 1999):

−Dzi
∂2P

∂z2
+ ∂P

∂t
+  P

∂u

∂z
+  u

∂P

∂z
+ PTg

[
−Dzi

∂2(1/Tg)

∂z2
+ ∂(1/Tg)

∂t
+  u

∂ (1/Tg)
∂z

]

−2DziTg

∂(1/Tg)
∂z

∂P

∂z
+

(
1 − εb

εb

)
�pRTg

n∑
i=1

∂qi

∂t
= 0

(6)

where yi is the mole fraction of component i in the gas phase,
P is the total pressure, Tg is the gas temperature and R is the
universal gas constant.

3.2.  Complexity  of  kinetic  models

The term ∂qi/∂t in Eq. (1) represents the overall rate of mass
transfer for component i (at time t and distance z) averaged
over a particle. The mass balance for an adsorbent particle
yields the adsorption rate expression, which may be written
as

∂qi

∂t
= f (qi, ci) (7)

For an isothermal system, the expressions for the concen-
tration profiles in both phases,

[
ci(z, t), qi(z, t)

]
, is given by the

simultaneous solution of Eqs. (1) and (7), subject to the initial
and boundary conditions imposed on the column. For non-
isothermal systems, an energy balance must also be taken
into account. In this case, all equations are coupled because,
in general, both the equilibrium concentration and the rate
coefficients are temperature dependent.

Although the mass transfer rate expression, Eq. (7), was
written here as a single equation, it commonly consists of a set
of equations comprising one or more  diffusion equations with
their associated boundary conditions. It is worth noting that a
kinetic model is basically a mass balance that involves differ-
ent variables describing mass transfer mechanisms within the
adsorbent particle (Chahbani and Tondeur, 2000). A variety of
mass transfer kinetic models with different degrees of com-
plexity can be found in the literature. Mass transfer kinetic
models can be classified into two main categories based on
the assumption of local equilibrium or the existence of mass
transfer resistance between the adsorbent particle and the
fluid phase. They are introduced in the following subsections.

3.2.1.  Local  equilibrium  model
This model is expressed by the existence of an instantaneous
local equilibrium (ILE) between the solid and fluid concentra-

tions. If the mass transfer rate is relatively rapid, one may
assume that local equilibrium is always maintained between
the gas phase and the adsorbed phase within the particle at
all points in the column. In other words, the local equilibrium
assumption relates to the negligible effect of mass transfer
resistance through the particles. As a result, it is assumed
that, in this model, the adsorptive quantity is equal to the
equilibrium adsorptive quantity:

∂qi

∂t
= ∂q∗

i

∂t
(8)

In the above equation q∗
i

is the adsorbed-phase con-
centration of species i in equilibrium with the fluid phase
concentration.

Equilibrium theory is aimed at identifying the general
features of the dynamic response of the column without
detailed calculations, as the overall pattern of the response
is governed by the form of the equilibrium relationship
rather than by kinetics. However, in practice, because axial
mixing and mass transport resistances are neglected, break-
through curves predicted by equilibrium models fail to give
quantitatively satisfactory results and give only approximate
representations of the behavior observed (Hwang et al., 1995).
Although such systems are not common in practice, their
analytical solution can provide useful information about the
process dynamics and system behavior, which is quite valu-
able for preliminary design and analysis, leading to a greater
understanding of the behavior of more  complex systems.

Based on the classification presented in Table 1, the sim-
plest case to consider is an isothermal system with no axial
dispersion in which a trace-level component is adsorbed from
a non-adsorbing carrier gas with the assumption of negligible
mass transfer resistance (model 1). Because the adsorbable
component is present at a low concentration (trace level
assumption), variation in the fluid velocity across the mass
transfer zone is considered to be negligible, and the superfi-
cial velocity calculated based on the flow at the inlet can be
treated as a constant. For these systems, the differential gas
phase mass balance, Eq. (1), reduces to

u
∂ci

∂z
+ ∂ci

∂t
+

(
1 − εb

εb

)
�p

∂q∗
i

∂t
= 0 (9)

Analytical determination of the concentration front in a
packed adsorption column is limited to a few simple cases.
Using a linear equilibrium isotherm, it is possible to obtain an
analytical solution for isothermal or adiabatic systems with
non-disperse behavior. Assuming a constant pattern profile,
an improved analytical solution was obtained for the system
that used a non-linear equilibrium isotherm such as the Lang-
muir isotherm, but there are some assumptions that restrict
its application (Yang, 1987). In the case of the PSA processes,
the first analytical solution of the equilibrium model was
obtained by Shendalman and Mitchell (1972) for the sepa-
ration of CO2 from a He–CO2 mixture using silica gel as an
adsorbent (model 1). They implemented the linear equilibrium
relation for isothermal adsorption of a trace-level component
in a one-dimensional system with no axial dispersion. The
assumption of linear equilibrium for one adsorbable compo-
nent permitted them to obtain a solution to the equations
by the characteristic method. However, the experimental data
revealed rather large deviations from the equilibrium theory
predictions, suggesting that effects of mass transfer resistance

are likely important. Chan et al. (1981) extended the local
equilibrium theory to the separation of two-component
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aseous mixtures via the PSA process in an isothermal sys-
em in which both the carrier and the impurity are adsorbed.
hey analytically studied the assumption of instant equilib-
ium between the adsorbate and the adsorbent when the

ore  strongly adsorbed component is present at a trace level
nd the linear isotherms for both components were consid-
red. Later, Fernandez and Kenney (1983) and Knaebel and
ill (1985) solved the model for binary mixtures with lin-
ar adsorption isotherms, and Serbezov (1997) extended the
olution to multi-component mixtures with linear adsorption
sotherms.

.2.2.  Mass  transfer  resistance  models
he modeling of transport equations in a packed column
trongly depends on the mechanism by which the mass trans-
er from the fluid to the solid phase occurs. In fact, equilibrium
heory is confined to systems in which the adsorptive selec-
ivity depends on a difference in equilibrium and is not useful
or systems in which separation is based on kinetic selec-
ivity (Hassan et al., 1986). An example of kinetic adsorptive
eparation is the separation of a CO2/CH4 mixture using a car-
on molecular sieve, in which the separation is achieved by
he large difference in diffusion rates between the two com-
onents (Diagne et al., 1996). Therefore, in modeling a real
ractical non-equilibrium packed column, the effects of mass
ransfer resistance between the fluid and the particle and
ithin the particle must be considered (Hwang et al., 1995). In

n attempt to construct a theoretical representation that more
losely approximates a real process, researchers have devel-
ped dynamic models that consider effects due to dispersion
nd a finite mass transfer rate.

The mass transfer of solute from bulk gas into the solid
hase is driven by equilibrium isotherms, whereas the mass
alance equation inside the adsorbent particle depends on the
dsorbent structure. At the microscopic level, the diffusion of
he adsorbate into the adsorbent particles before adsorption
nto the micropore surface (or adsorption onto the macrop-
re surface, if no micropores exist) involves different transfer
echanisms. The adsorbate molecules initially must cross the

xternal film surrounding each adsorbent particle and then
iffuse through and along the porous structure of the adsor-
ent, as illustrated in Fig. 1. Depending on the specific system
nd the conditions, any one of the three different types of
otential resistance to mass transfer may be dominant, and
ore  than one resistance may be significant. These three

otential resistances are the external fluid film resistance and
he intraparticle diffusional resistances, the macropore dif-
usional resistance and the micropore diffusional resistance
LeVan et al., 1999). In general, the mass transfer process
hrough such a heterogeneous system can be expressed by
etailed models identifying the film resistance around the
olid particles and macropore/micropore resistances inside
he particles. The most general case in adsorption pro-
ess modeling is the case of macropore/micropore diffusion
ith external film resistance. Consequently, the discussion

n the following subsections will focus on the case of the
idisperse pore diffusion model with clearly distinct macro-
ore/micropore diffusion.

.2.2.1.  External  fluid  film  resistance.  External fluid film mass
ransfer is defined based on the concentration difference
cross the boundary layer surrounding each adsorbent particle

nd is strongly affected by the hydrodynamic conditions out-
ide the particles (as characterized by the system’s Sherwood,
Reynolds, and Schmidt numbers) (LeVan et al., 1999). Indeed,
it is supposed that the mass transfer resistance between the
bulk phase and the macro-porous gas phase is localized to
an external film around the adsorbent particles. By assuming
steady-state conditions at the fluid–solid interface, the mass
transfer rate across the external film is supposed to be equal
to the diffusive flux at the particle surface (Farooq et al., 2001).
In fact, because no accumulation of adsorbates is allowed,
the film transfer and macropore diffusion can be treated as
sequential steps, and mass conservation assumption is appli-
cable. It can be expressed as the following equation (Jin et al.,
2006; LeVan et al., 1999):

∂qi

∂t
= 3kfi

Rp

(
ci − cpi

∣∣
(t,Rp)

)
= 3

Rp
εpDpi

∂cpi

∂R

∣∣∣
(t,Rp)

(10)

where kfi is the external film mass transfer coefficient, Rp is
the macroparticle radius, cpi is the adsorbate concentration
in the macropore, which is a function of radial position in
the particle, εp is the adsorbent porosity, Dpi is the macrop-
ore diffusivity, and R is the distance along the macroparticle
radius.

The external film mass transfer coefficient, kfi, around the
particles can be estimated from the following correlation,
which is applicable over a wide range of conditions (Wakao
and Funazkri, 1978):

Sh = 2kfiRp

Dmi
= 2 + 1.1 Sc1/3Re0.6 (11)

In most gas adsorption studies, the intraparticle diffusional
resistance is normally much greater than the external fluid
film resistance (intraparticle transport of the adsorbate is the
slower step). Therefore, it is reasonable to assume negligible
gas-side resistance and simulate adsorption systems based on
a diffusion model (Carta and Cincotti, 1998; Farooq et al., 2001;
Raghavan et al., 1985). An accurate kinetic model that accounts
for the intraparticle diffusional resistances can provide reli-
able simulations of kinetically controlled PSA processes.
Indeed, neglecting intraparticle mass transfer kinetics leads to
significant deviations from the exact solution (Chahbani and
Tondeur, 2000).

3.2.2.2.  Macropore  diffusional  resistance.  Diffusion in suffi-
ciently large pores (macro- and mesopores) such that the
diffusing molecules escape from the force field of the adsor-
bent surface is often referred to as macropore diffusion (or
pore diffusion). Depending on the relative magnitude of the
pore diameter and the mean free path of the adsorbate
molecules, transport in a macropore can occur by different
mechanisms (Karger and Ruthven, 1992). For gas phase dif-
fusion in small pores at low pressure, when the molecular
mean free path is much greater than the pore diameter, Knud-
sen diffusion dominates the transport mechanism. In this
case, the resistance to mass transfer mainly arises from colli-
sions between the diffusing molecules and the pore wall. The
Knudsen diffusivity (Dki) is independent of pressure and varies
only weakly with temperature as follows (Karger and Ruthven,
1992; Ruthven, 1984; Suzuki, 1990; Yang, 1987):

√

Dki = 9700 rp

T

M
(12)
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Fig. 1 – Schematic diagram showing various resistances to the transport of adsorbate as well as concentration profiles
through an idealized bidisperse adsorbent particle demonstrating some of the possible regimes: (1) + (a) rapid mass transfer,
equilibrium through particle; (1) + (b) micropore diffusion control with no significant macropore or external resistance;
(1) + (c) transport controlled by the resistance at the micropore interior; (1) + (d) controlling resistance at the surface of the
microparticles; (2) + (a) macropore diffusion control with some external resistance and no resistance within the
microparticle; (2) + (b) all three resistances (micropore, macropore, and film) are significant; (2) + (c) diffusional resistance
within the macroparticle with some external film resistance together with a restriction at the micropore interior (2) + (d)
diffusional resistance within the macroparticle in addition to a restriction at the micropore mouth with some external film
resistance.
where rp is the mean macropore radius in cm,  T is
the temperature, and M is the molecular weight of the
adsorbate.

By contrast, when the molecular mean free path is small
relative to the pore diameter, the bulk molecular diffusion
will be the dominant transport mechanism and can be esti-
mated from the Chapman–Enskog equation (Bird et al., 2002;
Ribeiro et al., 2008b; Ruthven, 1984; Sherwood et al., 1975)
for binary systems or the Stefan–Maxwell equation for multi-
component systems (Suzuki, 1990). In the case of molecular
diffusion, the collisions between diffusing molecules are the
main diffusional resistance. For the intermediate case, both

mechanisms are of comparable significance, and thus the
combined effects of the Knudsen and the molecular diffusion
constitute the rate-controlling mechanism. The effective
macropore diffusivity (Dp) is obtained from the Bosanquet
equation (Grande et al., 2008; Yang, 1987):

1
Dpi

= �

(
1

Dki
+ 1

Dmi

)
(13)

where � is the pore tortuosity factor.
As discussed above, in macropore diffusion, transport

occurs within the fluid-filled pores inside the particle (LeVan
et al., 1999; Ruthven, 1984). In this situation, a differential

mass balance equation for species i over a spherical adsor-
bent particle may be written as follows (Do, 1998b; Gholami
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nd Talaie, 2009; Jin et al., 2006; LeVan et al., 1999; Qinglin et al.,
003a):

∂cpi

∂t
+

(
1 − εp

εp

)
∂qi

∂t
= 1

R2

∂

∂R

(
R2Dpi

∂cpi

∂R

)
(14)

This equation is used to determine the composition of the
as penetrating macropore volume at each radial position. In
he above equation, qi is the average adsorbed-phase concen-
ration of component i in the micropore, which is related to the
dsorbate flux at the micropore mouth by either Eq. (18) or Eq.
19), depending on the expression of the dominant transport

echanism in the micropore. The corresponding boundary
onditions for macropore balance are as follows (Do, 1998b;
holami and Talaie, 2009; Jin et al., 2006; LeVan et al., 1999;
inglin et al., 2003a,b):

∂cpi

∂R

∣∣∣
(t,0)

= 0 (15)

The external fluid film resistance can be reflected in the
oundary condition as follow:

p Dpi

∂cpi

∂R

∣∣∣
(t,Rp)

= kfi

(
ci − cpi

∣∣
(t,Rp)

)
(16)

r cpi(t, Rp) = ci for no external film resistace (when pure

adsorbate is fed to the column) (17)

.2.2.3.  Micropore  diffusional  resistance.  In very small pores in
hich the pore diameter is not much greater than the molec-
lar diameter, the adsorbing molecules can never escape from
he force field of the pore wall, even at the center of the pore.
uch a mechanism, in which transport may occur by an acti-
ated process involving jumps between adsorption sites, is
ften called micropore diffusion (also known as solid diffu-
ion) (LeVan et al., 1999; Ruthven, 1984). In this situation, the
ntraparticle gas phase is neglected, and diffusion through it
s supposed to be null (Chahbani and Tondeur, 2000). Con-
equently, the material balance equation in the micropores
oes not contain any gas phase accumulation term. As illus-
rated in Fig. 1, transport in the micropores may occur by
hree different mechanisms: barrier resistance (confined at
he micropore mouth), distributed micropore interior resis-
ance, and the combined effects of both resistances (Cavenati
t al., 2005; Farooq et al., 2001; Srinivasan et al., 1995).

The mass transfer rate across the micropore mouth can be
xpressed by the following equations (Buzanowski and Yang,
989; Jin et al., 2006; LeVan et al., 1999; Qinglin et al., 2003b):

∂qi

∂t
= kbi(q

∗
i − qi ) when the gas diffusion is controlled by the

barrier resistance (18)

r = 3
D�i

∂qi
∣∣∣ when the distributed micropore interior
Rc ∂r (t,Rc)

resistance is dominant (19)
where kbi is the barrier transport coefficient, Rc is the micropar-
ticle radius, qi is the distributed adsorbate concentration in the
micropore, D�i is the micropore diffusivity of component i, and
r is the distance along the microparticle radius.

The strong dependence of the micropore diffusivity on
concentration can be expressed using Darken’s equation
(Cavenati et al., 2005; Chihara et al., 1978; Do, 1998a; Kawazoe
et al., 1974; Khalighi et al., 2012; Ruthven et al., 1994):

D�i = D∞
�i

d ln(pi)
d ln(qi)

∣∣∣∣
T

(20)

where D∞
�i

is the micropore diffusivity of component i at infi-
nite dilution and pi is the partial pressure of component i,
which is in equilibrium with the adsorbed concentration in
the micropore.

The temperature dependence of the corrected diffusivity
and the surface barrier mass transfer coefficients follows an
Arrhenius-type form, as described by the following (Cavenati
et al., 2005; Gholami and Talaie, 2009; Grande and Rodrigues,
2004, 2005; Khalighi et al., 2012; Qinglin et al., 2003b)

D∞
�i = D0

�iexp

(
− Eai

RgTs

)
(21)

kbi = k0
biexp

(
− Ebi

RgTs

)
(22)

where D0
�i

and k0
bi

are the temperature-independent pre-
exponential constants, Rg is the universal gas constant, Ts is
the solid temperature, and Eai and Ebi are the activation energy
of micropore diffusion and the activation energy of surface
barrier resistance for component i, respectively.

When the resistance distributed in the micropore interior
dominates the transport of species i, the mass balance equa-
tion for micropore diffusion is the following (Jin et al., 2006;
LeVan et al., 1999; Qinglin et al., 2003b):

∂qi

∂t
= 1

r2

∂

∂r

(
r2D�i

∂qi

∂r

)
(23)

The corresponding boundary conditions for the micropar-
ticle balance are as follows (Jin et al., 2006; LeVan et al., 1999;
Qinglin et al., 2003b):

∂qi

∂r

∣∣∣
(t,0)

= 0 (24)

When a combination of barrier and distributed micropore
interior resistaces is dominant, the barrier resistance can be
reflected in the boundary condition as follows:

3
Rc

D�i
∂qi

∂r

∣∣∣
(t,Rc)

= kbi(q
∗
i − qi

∣∣
(t,Rc)

) (25)

or qi(t, Rc) = q∗
i for no barrier resistace (26)

The adsorbed amount at a certain time for component i
based on particle volume can be calculated by volume inte-
gration of the concentration profiles in the macropores and
micropores (Jin et al., 2006; Khalighi et al., 2012; Qinglin et al.,
2003a,b, 2004):

∫ Rp
∫ Rp
qi = εp
3

R3
p 0

cpiR
2dR + (1 − εp)

3

R3
p 0

qiR
2dR (27)
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where:

qi = 3

R3
c

∫ Rc

0

qir
2dr (28)

In most kinetically selective processes, the controlling
resistance for the uptake of sorbates is typically diffusion in
the micropores (Cavenati et al., 2005; Farooq et al., 2001; Lamia
et al., 2008). Micropore diffusion can contribute significantly
to the overall intraparticle mass transport, primarily due to
the higher concentration of the adsorbed phase, although
the mobility of molecules in the adsorbed phase is gener-
ally much smaller than in the gas phase (Kapoor and Yang,
1990). Doong and Yang (1986) reported that micropore dif-
fusion contributed as much as 50% to the total flux in the
activated carbon pores during the PSA separation of CO2, H2,
and CH4 (model 5). Liu and Ruthven (1996) gravimetrically
measured the diffusion of CO2 in a carbon molecular sieve
sample and concluded that the data were consistent with the
barrier resistance model at lower temperatures, while the dis-
tributed micropore interior resistance model adequately fitted
the data at higher temperatures. They found that the results
suggested a dual resistance model with varying importance
of the two components depending on pressure and temper-
ature. In another study, Rutherford and Do (2000b) fitted the
uptake of CO2 in a sample of a carbon molecular sieve (Takeda
5A) using a model based on distributed diffusional resistance
in the micropore interior. The model simulation results were
in fair agreement with the experimental data. Qinglin et al.
(2003a,b) investigated the diffusion of carbon dioxide in three
samples of carbon molecular sieve adsorbent. They indicated
that transport of gases in the micropores of these samples
is controlled by a combination of barrier resistance at the
micropore mouth followed by a distributed pore interior resis-
tance acting in series. The proposed dual resistance model
was shown to be able to fit the experimental results over
the entire range covered in that study. Cavenati et al. (2005)
studied diffusion of CO2 on the carbon molecular sieve 3 K
and reported that the initial difficulty associated with diffu-
sion due to the surface barrier resistance was not observed
in the uptake of CO2. A successful description of diffusion
in micropores was achieved using the distributed micropore
interior resistance model without the need for the surface bar-
rier resistance model at the mouth of the micropore (model
24). They attributed the absence of surface barrier resistance
to performing the activation protocol at a higher temperature.
Shen et al. (2010) studied diffusion of CO2 on pitch-based acti-
vated carbon beads using diluted breakthrough experiments
performed at different temperatures. To simulate the break-
through curves, they developed a mathematical model based
on a rigorous description of macropore and micropore dif-
fusion with a non-linear adsorption isotherm and assumed
that the process was isothermal (model 32). The experimen-
tal results demonstrated that micropore resistances control
the diffusion mechanism within the adsorbent. More recently,
Mulgundmath et al. (2012) investigated concentration and
temperature profiles of CO2 adsorption from a CO2–N2 gas
mixture in a dynamic adsorption pilot plant unit to better
understand the adsorbent behavior. A dynamic model based
on an exact description of pore diffusion was developed for
the simulation of non-isothermal adsorption in a fixed bed
(model 34). The proposed model was able to adequately pre-

dict the experimental data at all three ports for the duration
of the experiment.
3.2.2.4.  Linear  driving  force  model.  Although the diffusional
models are closer to reality, due to the mathematical complex-
ities associated with such equations for the exact description
of intraparticle diffusion in adsorbent particles, simpler
rate expressions are often desirable (Carta and Cincotti,
1998; Zhang and Ritter, 1997). Simplified models are gener-
ally adopted by using an expression of the particle uptake
rate, which does not involve the spatial coordinates. The
approximations express the mass exchange rate between the
adsorbent and its surroundings in terms of the mean con-
centration in the particle, regardless of the actual nature of
the resistance to mass transfer (Lee and Kim, 1998). Simpli-
fying assumptions should increase the practical applicability
of the model without reduction of accuracy. The most fre-
quently applied approximate rate law is the so-called linear
driving force (LDF) approximation, which was first proposed
by Glueckauf and Coates (1947). They originally suggested that
the uptake rate of a species into adsorbent particles is propor-
tional to the linear difference between the concentration of
that species at the outer surface of the particle (equilibrium
adsorption amount) and its average concentration within the
particle (volume-averaged adsorption amount):

∂qi

∂t
= ki(q

∗
i − qi) (29)

As can be seen, the overall resistance to mass transfer is
lumped into a single effective linear driving force rate coef-
ficient, ki. Glueckauf demonstrated that the LDF overall mass
transfer coefficient for spherical particles was equal to 15De/R2

p

(Glueckauf, 1955). The above equation has been shown to be
valid for dimensionless times (Det/R2

p) > 0.1, where De is the
effective diffusivity (accounts for all mass transfer resistances)
and t is the time of adsorption or desorption (Yang, 1987).
Although the LDF model deals with the average concentra-
tions of the adsorbate within the adsorbent particle, Liaw et al.
(1979) demonstrated that the same value for ki could be sim-
ply obtained by assuming a parabolic concentration profile
within the particle. This assumption was later shown to be
acceptable, as the exact solution to the concentration profile
has almost always been found to be a parabolic function (Do
and Rice, 1986; Patton et al., 2004; Tsai et al., 1983, 1985; Yang
and Doong, 1985). Sircar and Hufton (2000a) demonstrated
that the LDF model approximation is in accordance with any
continuous intraparticle concentration profile within a spher-
ical particle when a numerical constant other than 15 is used
in the expression of the LDF rate coefficient. The literature
includes many  attempts to develop new correlations for the
accurate prediction of the overall LDF rate constant (Gholami
and Talaie, 2009). When both the macropore and the micropore
diffusions are dominant, the overall LDF mass transfer coeffi-
cient can be expressed by defining a single effective diffusivity
related to both macropore and micropore diffusivities. The
following correlation was proposed by (Farooq and Ruthven,
1990), in which more  than one mass transfer resistance (i.e.,
film, macropore, and micropore resistances) is considered sig-
nificant:

1
ki

= Rpq0

3kfic0
+

R2
pq0

15εpDpic0
+ R2

c

15D�i
(30)
where q0 is the value of q at equilibrium with c0 at feed tem-
perature.
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The above equation is actually an extension of the Glueck-
uf approximation, which, apart from validity for a linear
sothermal system, is also known to work reasonably well for
on-linear systems.

Recently, the Stefan–Maxwell approach (Do and Do, 1998;
iow and Kenney, 1990) or the dusty gas model (Mendes
t al., 1995; Serbezov and Sotirchos, 1998) has been proposed
o describe adsorption kinetics. However, Sircar and Hufton
2000b) indicated that the LDF model is adequate to cap-
ure gas adsorption kinetics because in the estimation of the
nal process performance, the detailed characteristics of a

ocal adsorption kinetic model are lumped during repeated
ntegrations (Agarwal et al., 2010a,b). Indeed, although this
dsorption rate model is rather simple, it can predict the
xperimental data with satisfactory accuracy (Yang and
ee, 1998). Consequently, this approximation has found
idespread application in modeling fixed-bed and cyclic CO2

dsorption processes (Hwang and Lee, 1994; Raghavan et al.,
985).

A dynamic model that included finite mass transfer resis-
ance based on a linear driving force assumption was first
eveloped by Mitchell and Shendalman (1973) for the isother-
al  removal of CO2 (a strongly adsorbed component in a trace

mount) from He (an inert product) using silica gel. How-
ver, the model was found to provide a poor representation
f the experimental data. Cen and Yang (1985) performed
eparation of a five-component gas mixture containing H2,
O, CH4, H2S, and CO2 by PSA. Both equilibrium and LDF
odels were employed to develop a mathematical model for

imulating the PSA process (model 2). The results predicted
y the equilibrium model, particularly for CO2 concentra-
ion, were in poor agreement with the experimental data,
ndicating the significant role of mass transfer resistance in
O2 adsorption/desorption. The simulation results of the LDF
odel were in generally good agreement with the experimen-

al data. Raghavan et al. (1985) simulated an isothermal PSA
eparation of a trace amount of an adsorbable species from an
nert carrier using a linear equilibrium isotherm and with the
ssumption of a linear driving force for mass transfer resis-
ance (model 3). The theoretically predicted behavior of the
ystem was shown to provide a good fit with the experimental
ata of Mitchell and Shendalman (1973) for the CO2–He–silica
el system. The major difference between this model and the
odel of Mitchell and Shendalman (1973) is the assumption

f an inverse dependence of the effective mass transfer coef-
cient on the total pressure. Such behavior is to be expected
or a system in which the uptake is controlled by external film
r pore diffusional resistance (Raghavan et al., 1985).

Kapoor and Yang (1989) also studied the kinetic separa-
ion of a CO2/CH4 mixture on a carbon molecular sieve. The
xperimental results were simulated using a linear driving
orce model approach with a cycle time-dependent LDF rate
oefficient (model 6). The cycle time-dependent LDF coef-
cient included all mass transfer resistances such as film
nd intraparticle diffusion and was determined by matching
he model simulation results with the experimental results.
owever, the experimental estimates of this parameter dif-

ered considerably from the predictions of a priori correlations
eveloped by Nakao and Suzuki (1983) and Raghavan et al.

1986). Diagne et al. (1996) developed a new PSA process
ith the intermediate feed inlet position operated with dual

efluxes for separation of CO2 dilute gas from air. They stud-

ed the influence of different CO2 feed concentrations and feed
nlet positions on CO2 product concentration. An isothermal
model based on LDF approximation was developed (model 13)
to explore the effects of various combinations of the operat-
ing variables and to analyze semi-quantitatively the effects of
the main characteristic parameters such as the dimensionless
feed inlet position and the stripping-reflux ratio. Good agree-
ment between the model prediction and the experimental
results was obtained.

In another study, low-concentration CO2 separation from
flue gas was performed by PSA using zeolite 13X as the
adsorbent (Choi et al., 2003). To further assess the effects
of adsorption time and reflux ratio on product purity and
the recovery, dynamic modeling of the PSA process based on
an LDF approximation was developed (model 19). The com-
parison of the numerical simulation-based and experimental
results demonstrated that the model adequately describes the
experimental breakthrough curves and temperature changes
in the bed. Delgado et al. (2006a,b, 2007a,b) investigated the
fixed-bed adsorption of binary gas mixtures (CO2/He, CO2/N2,
and CO2/CH4) onto silicalite pellets, sepiolite, and a basic
resin. The experimental breakthrough curves were simulated
by a model based on the LDF approximation for the mass
transfer that considered the energy and momentum balances
and used the extended Langmuir equation to describe the
adsorption equilibrium isotherm (model 27). They proposed
a lumped mass transfer coefficient instead of considering
two mass transfer resistances in a bidisperse adsorbent. A
comparison between the experimental and theoretical curves
demonstrated that the model reproduces the experimental
data satisfactorily for the different feed concentrations, flow
rates, and temperatures used. More recently, Dantas et al.
(2011a) studied the fixed-bed adsorption of carbon dioxide
from CO2/N2 mixtures on a commercial activated carbon. A
model based on the LDF approximation for the mass trans-
fer that considered the energy and momentum balances was
used to simulate the adsorption kinetics of carbon dioxide
(model 31). They considered an overall LDF mass transfer
coefficient in which the effects of film, macropore, and micro-
pore resistances were assumed to be significant. The proposed
LDF model acceptably reproduced the experimental data for
the different feed concentrations/temperatures and was suit-
able for describing the dynamics of CO2 adsorption from the
mixtures. The importance of the external and internal mass
transfer resistances was determined by performing a sensitiv-
ity analysis, which concluded that micropore resistances are
not very important in the studied system. Moreover, it was
deduced that, in the case of macropore resistances only, the
molecular diffusivity is predominant.

If one neglects diffusion through macropores, the mass
transfer rate through micropore volumes can be simplified by
applying the LDF model approximation, which is mathemati-
cally equivalent to the modeling of transport through a barrier
resistance confined at the micropore mouth (Cavenati et al.,
2005; Grande and Rodrigues, 2007; Srinivasan et al., 1995):

∂qi

∂t
= K�i(q

∗
i − qi) (31)

K�i = 1

1/kbi + R2
c /15D�i

(32)

where K�i is the LDF constant for mass transfer in the micro-
pores for component i (Grande and Rodrigues, 2007).
When there is no surface barrier resistance in the mouth
of the micropores, the first term in the denominator of Eq.
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(32) vanishes (Cavenati et al., 2005). This model, which has
been referred to as the LDFS model, is simply obtained from
Eq. (23) if the intraparticle concentration profile of the adsor-
bate is assumed to be parabolic (Carta and Cincotti, 1998;
Chahbani and Tondeur, 2000; Do and Rice, 1986; Liaw et al.,
1979; Siahpoosh et al., 2009). The mathematically simple
LDF approximation permits the direct use of the averaged
adsorbed concentration in the interior of the adsorbent par-
ticle and thus eliminates the need for the integration step
at the particle level, in contrast to the solid diffusion model
(Chahbani and Tondeur, 2000; Sircar and Hufton, 2000b).

If the adsorbed-phase diffusion is neglected, a similar lin-
ear driving force model based on the gaseous phase can be
used to approximate the diffusive process in macropore resis-
tance as follows (Khalighi et al., 2012):

εp

∂cpi

∂t
+ �p

∂qi

∂t
= Kpi(ci − cpi) (33)

Kpi = εp

15Dpi

R2
p

Bii
Bii + 1

(34)

where Kpi is the LDF constant for mass transfer in the macro-
pores for component i, cpi is the mean intraparticle gas phase
concentration of species i, and Bii = Rpkfi/(5εpDpi) is the mass
Biot number, which represents the ratio of internal macropore
to external film resistances.

As can be seen, the proposed effective LDF rate coefficient,
Kpi, is a combination of external fluid film transport, molecular,
and Knudsen diffusions in the macropores. This model, which
has been referred to as the LDFG model, can be derived from
the pore diffusion model, Eq. (14), based on the assumption
of a parabolic gas phase concentration profile in the particle
(Chahbani and Tondeur, 2000; Leinekugel-le-Cocq et al., 2007;
Serbezov and Sotirchos, 2001; Yang and Doong, 1985). Such
a space-independent expression for the adsorption rate can
transform the PDE expressing mass conservation for gas pen-
etrating pores into an ODE, and therefore the solutions are
mathematically simpler and faster than the solution of the
diffusion models.

Lai and Tan (1991) developed approximate models for pore
diffusion inside the particle with a non-linear adsorption
isotherm based on a parabolic concentration profile assump-
tion for the summation of the gas and adsorbed phases.
They developed a rate expression model that depends on the
slope of the adsorption isotherm at the external surface of
the sorbent. Ding and Alpay (2000) studied high-temperature
CO2 adsorption and desorption on hydrotalcite adsorbent
at a semi-technical scale of operation. They presented a
dynamic model based on a linear driving force approxima-
tion to describe intraparticle mass transfer processes (model
17). To address the importance of intraparticle mass trans-
fer resistances during different steps of operation, they also
developed an adsorption model based on ILE assumption
between the gas and adsorbed phases. Overall, they con-
cluded that although the ILE model failed to give an adequate
description of the desorption kinetics, the LDF model based
on pore diffusion and accounting for the non-linearity of
the isotherm provides an adequate approximation of the
adsorption and desorption processes. Grande and Rodrigues
(2008) studied the operation of an electric swing adsorp-
tion process for low-concentration CO2 removal from flue

gas streams using an activated carbon honeycomb monolith
as an adsorbent. To explore the dynamics behavior of the
system, the authors developed a mathematical model that
included bidisperse resistances within the porous structure
of the monolith (model 29). A rigorous description and a lin-
ear driving force approximation were employed for macropore
and micropore diffusion, respectively. Adsorption/desorption
breakthrough experiments were performed to determine the
validity of the proposed mathematical model. A comparison
of simulated breakthroughs and experimental data showed
that the dynamic model incorporating mass, energy, and
momentum balances agreed well with the experimental
results.

If macropore or the adsorbed-phase diffusion cannot be
ignored, the mass transfer rate expression can be expressed
using a double LDF model, through which the macropore
and the micropore diffusion are both represented by LDF
approximations taken in series (Da Silva et al., 1999; Doong
and Yang, 1987; Kim, 1990; Leinekugel-le-Cocq et al., 2007;
Mendes et al., 1996). Cavenati et al. (2005) studied the sep-
aration of a methane–carbon dioxide mixture in a column
packed with bidisperse adsorbent (carbon molecular sieve
3 K). To reduce the computational time required for the sim-
ulations, macropore and micropore diffusion equations were
described using a bi-LDF simplification instead of the mass
balances in macropores and in micropores (model 24). They
assumed that the macropore diffusivity and surface barrier
resistance at the mouth of the micropore are not a function
of the adsorbed-phase concentration, whereas the Darken
law describes micropore diffusivity dependence with concen-
tration. To confirm the validity of the mathematical model
and the proposed bi-LDF approximation for the prediction
of experimental data, a fixed-bed experiment of the binary
mixture was performed. The results indicated that the pro-
posed mathematical model was able to adequately predict the
behavior of the binary mixture in a fixed bed. Leinekugel-le-
Cocq et al. (2007) presented a simplified intraparticle model
based on a non-isothermal double LDF approximation to sim-
ulate breakthroughs of a CH4/CO2 mixture in a fixed bed of
bidisperse adsorbent (5A zeolite). A bidisperse double LDF
model was proposed that considered both macropore and
micropore diffusion by LDF approximations taken in series
(model 28). A comparison of the model predictions with the
experimental data revealed that the approximated model
proposed in this study yields a good representation of the
intraparticle mass transfer.

3.3.  Energy  balance

As mentioned earlier, adsorption is an exothermic process,
and temperature changes may affect the adsorption equilib-
rium relation and, in some cases, adsorption rates. Therefore,
the effects of heat generation and heat transfer in the adsor-
bent bed must be considered to accurately predict packed
column dynamics. Some publications have addressed non-
isothermal adsorption of CO2 in a fixed bed either as a single
adsorbate or multi-component mixture, which are summa-
rized in Table 1. The amplitude of the temperature variation
depends primarily on the heat of adsorption, the throughput,
and the heat transfer characteristics of the packed adsorbed
column (Farooq et al., 1988; Ruthven, 1984). The generated
heat is conducted to the surface of the particles and then is
transferred to the gas phase by a convection mechanism. To

take into account the energy transfer, three different control
volumes may be considered: gas, solid, and column wall.
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.3.1.  Gas  phase  energy  balance
he variation of gas temperature with respect to time arises

rom the transfer of energy due the axial conductive solid-
hase heat flux to the gas phase along the z direction as well
s the energy transfer by convection through the bed due to
he bulk movement  of gas. Therefore, the energy balance for
he gas phase, which includes the heat transfer between the
owing fluid and the surface of the solid adsorbent through

 laminar film and the energy transferred to the wall of the
olumn, may be written as the following (Rezaei and Grahn,
012; Ruthven, 1984):

�L
∂2Tg

∂z2
+ �gCg

∂(uTg)
∂z

+ �gCg
∂Tg

∂t
+

(
1 − εb

εb

)
hf as(Tg − Ts)

+ 4hw

εbdint
(Tg − Tw) = 0 (35)

The above equation is used to find the distribution of gas
emperature along the bed, where Tg represents the bulk gas
emperature; Cg is the heat capacity of the gas; �g is the bulk
ensity of the gas; hf denotes the film heat transfer coefficient
etween the gas and the adsorbent; as expresses the ratio of
he particle external surface area to volume; Ts denotes the
olid temperature; hw is the internal convective heat transfer
oefficient between the gas and the column wall; dint is the
olumn internal diameter; Tw denotes the wall temperature;
nd �L is the effective axial heat dispersion, which can be esti-
ated using the following correlation (Grande and Rodrigues,

005; Wakao and Funazkri, 1978; Yang, 1987):

�L

kg
= 7 + 0.5PrRe (36)

here kg is the thermal conductivity of the gas mixture and
r is the Prandtl number.

The Chilton–Colburn analogy can be applied (in analogy
ith Eq. (11)) to estimate the convective film heat transfer

oefficient between the gas and the adsorbent, hf (Chilton and
olburn, 1934). It can be estimated through the following cor-
elation, which is particularly applicable at higher Reynolds
umbers (Wakao et al., 1979):

u = 2hf Rp

kg
= 2 + 1.1 Pr1/3Re0.6 (37)

The following correlation can be applied for the estimation
f the internal convective heat transfer coefficient, hw (Dantas
t al., 2009, 2011a,b):

uw = hwdint

kg
= 12.5 + 0.048Re (38)

The following boundary conditions are assumed:

�L
∂Tg

∂z

∣∣∣
z=0

= −�gCgu
∣∣
z=0

(
Tg

∣∣
z=0− − Tg

∣∣
z=0

)
(39)

∂Tg

∂z

∣∣∣
z=L

= 0 (40)

here Tg

∣∣
z=0− is feed temperature.

.3.2.  Solid-phase  energy  balance

or the solid phase, a separate energy balance equation can be
ssumed that considers the accumulation term, the film heat
transfer term, and the heat generated by the adsorption of the
adsorbate, as shown by the following (Do, 1998b):

�pCs
∂Ts

∂t
= hf as(Tg − Ts) +

n∑
i=1

(−�Hi)
∂qi

∂t
(41)

where �p is the particle density, Cs represents the heat capacity
of the adsorbent and (−	Hi) is the isosteric heat of adsorption
for the i component at zero coverage, which can be calculated
by using the Clausius–Clapeyron equation (Yang et al., 1997).

When the external heat transport limitations are negligi-
ble, it is a reasonable approximation to neglect the occurrence
of temperature gradients in the particles and consider the
gas phase and the surface of the adsorbing particles to be
isothermal (Ribeiro et al., 2008a). In this case, a single tem-
perature equation, which is obtained from the overall local
balance in the bed (combining Eqs. (35) and (41) into one),
is sufficient to describe the energy transport in the bed (Hu
and Do, 1995; Serbezov and Sotirchos, 1998). However, some
experimental studies have demonstrated the occurrence of
temperature differences between the gas phase and the sur-
face of the adsorbent particles (Haul and Stremming, 1984;
Lee and Ruthven, 1979; Ruthven et al., 1980). This situation
is particularly relevant when an adsorption process occurs
at a relatively high rate such that the time needed for the
released heat to be transported to the bulk phase may not
be sufficient and, consequently, significant temperature gra-
dients are encountered in the interior of the particle (Serbezov
and Sotirchos, 1998).

3.3.3.  Wall  energy  balance
Finally, the energy balance for the column wall, which includes
the wall heat transfer to the external environment and to the
gas phase inside the column, can be expressed as follows (Da
Silva et al., 1999):

�wCw
∂Tw

∂t
= hwaw(Tg − Tw) + Uaa(T∞ − Tw) (42)

where Cw and �w represent the heat capacity and the density
of the column wall, respectively; aw represents the ratio of the
internal surface area to the volume of the column wall (Da
Silva et al., 1999; Dantas et al., 2009; Huang and Fair, 1988); aa

denotes the ratio of the external surface area to the volume of
the column wall; U is the external overall heat transfer coef-
ficient from the wall to ambient air; and T∞ is the ambient
temperature.

The external overall heat transfer coefficient, U, can be
estimated through following correlation (Incropera and Witt,
1996):

1
U

= 1
hw

+ dint

kw
ln

(
dext

dint

)
+ dint

dexthext
(43)

where kw is the column wall conductivity; dext is the column
external diameter; and hext is the external convective heat
transfer coefficient that can be estimated using the following
correlation (Incropera and Witt, 1996):

hextL

kext
= 0.68 + 0.67Ra1/4

[1 + (0.492/Pr)9/12]
4/9

(44)
In the above equation, kext is the column external air con-
ductivity and Ra = gˇ ((Tw − T∞)/v˛) L3 is the Rayleigh number,
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where g is the gravity acceleration;  ̌ is the thermal expan-
sion coefficient; and 
 and  ̨ are the air kinematic viscosity
and thermal diffusivity at the film temperature ((Tw + T∞)/2),
respectively.

If the area of heat transfer from the fluid to the wall is an
order of magnitude larger than the area in the axial direction,
the contribution of the axial heat conduction along the column
wall can be neglected (Ahn et al., 1999, 2001; Mohamadinejad
et al., 2000). In the above wall energy balance equation (Eq.
(42)), the resistance of the metal wall to radial heat transfer
has been considered in the overall heat transfer coefficient,
U, which makes this value lower than that of the individual
convection heat transfer coefficient between the wall and the
surroundings (Grande and Rodrigues, 2005).

In an industrial-scale process in which the column length-
to-diameter ratio is not large, the heat loss through a wall
and heat accumulation in the wall are considered negligible
in comparison to the amount of heat caused by the heat of
adsorption, resulting in operation close to adiabatic behavior
(Lee et al., 1999). In such a situation, the overall heat trans-
fer coefficient, U, and therefore the last term in Eq. (42) can be
dropped (Bastos-Neto et al., 2011). In the case of an isothermal
system, an instantaneous thermal equilibrium is assumed to
exist between the gas and solid phases (Tg = Ts) or between
the gas, solid, and column wall (Tg = Ts = Tw), depending on
the system’s conditions. Under such assumptions, the origi-
nal three energy balances of the complete model discussed
above (Eqs. (35, 41, and 42)) are reduced to two equations and
one equation, respectively.

3.4.  Momentum  balance

As the bulk fluid flows  through the void spaces between adsor-
bent particles, it experiences a pressure drop due to viscous
energy losses and a drop in kinetic energy. The momentum
balance considers the terms of pressure drop and velocity
changes across the packed bed and relates them by the Ergun
equation (Alpay et al., 1993; Lu et al., 1993; Yang et al., 1998):

∂P

∂z
= −KDu − KVu2 (45)

where KD and KV are parameters corresponding to the viscous
and kinetic pressure loss terms, respectively. For low particle
Reynolds numbers (e.g., <5), the kinetic contribution to the
total pressure loss is negligible, and Eq. (45) reduces to Darcy’s
law (Ding and Alpay, 2000). Semi-empirical relationships for
KD and KV have been derived by Ergun (Macdonald et al., 1979)
as follows:

KD = 150�(1 − εb)2

ε3
b
d2

p

(46)

KV = 1.75(1 − εb)�g

ε3
b
dp

(47)

where P is the total pressure, � is the gas mixture viscosity,
and dp is the particle mean diameter.

The existence of the pressure drop in packed beds affects
the system performance by reducing the working capacity.
Conventional gas separation processes using packed beds of
beads or granules suffer predominantly from high pressure
drop and mass transfer resistance when higher throughputs

are required, leading to lower productivity and recovery and
higher power consumption (Rezaei and Webley, 2010). In order
to overcome these drawbacks, novel adsorbent structures such
as monoliths, laminates, and foams structures are considered
as alternate candidates for the replacement of conventional
adsorbent configurations as they offer the advantage of allow-
ing increased throughput and reduced pressure drops. In
recent years, monolithic adsorbents have garnered consider-
able attention for CO2 capture from the gas streams (Brandani
et al., 2004; Grande and Rodrigues, 2008; Mosca et al., 2008;
Ribeiro et al., 2008b). A detailed review of these alternate struc-
tures and their merits was recently conducted by Rezaei and
Webley (2010).

The pressure drop of the monolithic and laminate struc-
tures can be expressed by the following equation (Rezaei and
Webley, 2009):

�P

L
= 32�

d2εb
u (48)

where d is the channel dimension.
In the case of foam adsorbents, the pressure drop can be

estimated using the equation presented by Richardson et al.
(2000):

�P

L
= ˛s2(1 − ε)2

ε3
b

�u + ˇs(1 − ε)

ε3
b

�gu2 (49)

where the first term represents flow resistance from vis-
cous forces, the second term is the inertial or turbulent
contributions, and ˛, ˇ, s can be calculated using following
expressions:

 ̨ = 9.73 × 102d0.743
p (1 − εb)−0.0982 (50)

 ̌ = 3.68 × 102d−0.7523
p (1 − εb)0.07158 (51)

s =
12.979

[
1 − 0.971(1 − εb)0.5]
dp(1 − εb)0.5

(52)

Clearly, other momentum balance equations that model
the pressure drop in a structured packing could also be
applied.

A detailed description of the differential mass and heat bal-
ance equations for the different adsorbent structures can be
found elsewhere (Grande et al., 2006; Rezaei and Webley, 2009;
Rezaei and Grahn, 2012).

4.  Conclusion

A basic study of fixed-bed column mathematical simula-
tions is essential for understanding the performance of the
adsorption processes under various conditions to improve PSA
operations and to develop new, more  efficient PSA cycles.
From the literature survey, it was evident that the design
and modeling of a fixed-bed adsorption system require the
simultaneous solution of a set of coupled PDEs represent-
ing mass, energy, and momentum conservation together with
transport rate and equilibrium equations. The simultaneous
solution of such a rather complex system of PDEs requires
complicated numerical solutions, and the computation time
is often inconveniently long. Therefore, the use of reduced
models with satisfactory prediction capabilities is recom-
mended to decrease the computational time and facilitate

optimization. One option to simplify fixed-bed adsorption cal-
culations is to simplify the representation of mass transfer
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henomena within the adsorbent particles. This study pro-
ides a fairly comprehensive review of the mathematical
odeling of fixed-bed adsorption of CO2 conducted by vari-

us researchers over the last three decades. Various models
or gas–solid adsorption equilibrium as well as different mass
ransfer mechanisms were reviewed. The majority of the
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ransfer rate, resulting in a theoretical representation that
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