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Abstract

The phenomena of roof slabbing and fracturing, as well as exfoliation
rock bursts, in the context of platinum mines is examined. A brief
explanation as to why a rock mass forms slabs in underground mines
is provided. A revised beam equation is used to model the fractur-
ing of a slanted beam. A modification of the standard Euler-Bernoulli
beam equation is used to consider the exfoliation phenomenon. The
beam deflection for both scenarios is obtained for a variety of bound-
ary conditions, and the beam curvature is then examined to determine
fracturing behaviour of the beam upon the tensile strength of the rock
being exceeded.

1 Introduction

In underground platinum mines, occasional failures of roof rock can occur.
When mine tunnels are extended, permanent structural supports are set up to
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make the tunnels more stable. However, when rock failure occurs these sup-
ports can violently collapse and the event can potentially cause neighbouring
supports to also fail with catastrophic effects.

Not only do these events compromise the safety of miners greatly but they
also have an immense economic impact on mining operations as workable tun-
nels and equipment are destroyed.

When such a roof collapse event takes place large slabs of the rock of ap-
proximately uniform thickness fracture at multiple points and then collapse.
Fracturing however does not necessarily imply collapse; it is noted that multi-
ple fractures may occur within a beam, forming a voussoir beam, whose load is
transferred to its supports [2]. In this work, only fracturing will be considered.
For very stiff beams fracturing and failure may occur simultaneously.

The rock type associated with platinum mines is not sedimentary in nature,
making this a particularly strange phenomenon. By understanding what causes
these roof collapse events, their occurrence can be predicted and precautions
can be taken to mitigate the risks involved.

A complimentary phenomenon also observed is that of exfoliation on surface
rock. This is when, for no apparent reason, layers of competent rock push up
against each other leading to fracturing and failure. For this scenario, it will
be assumed that the bending stiffness of the beam is large enough so that the
beam will fracture first before buckling.

The aim of this work is twofold. The first objective is to determine what
causes roof rock in platinum mines to fracture in uniform slabs and to po-
tentially characterize the behaviour of roof collapses mathematically. This
could allow for a better understanding of how to address the problem within
the mines. The second objective is to determine the behaviour behind the
exfoliation phenomenon often observed in surface rock faces.

2 Slabbing and fracturing of roof rock in a

platinum mine

The type of rock in which platinum mining occurs is not sedimentary in nature.
Thus, the issue of rock slabbing within this context is a particularly interesting
problem to consider as the rock here is naturally a solid mass. This section
will address the issue of slab formation as well as consider a model for the
examination of roof rock fracturing within platinum mines. Figure 1 illustrates
the slabbing phenomenon that occurs with roof rock failure.

2.1 Slab formation

Almost all rock masses contain pre-existing flaws within their structures at
some level. This can range from very minute weaknesses at a crystalline level
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Figure 1: A platinum mine that has experienced roof rock failure. Note that the roof rock
formed a slab which fractured and collapsed detaching from the remaining rock mass.

to moderately sized voids inside the rock mass. The geometric distribution of
pre-existing weaknesses in the rock can influence the manner in which the rock
fractures [4, 6].

Any applied stresses on the rock mass can extend these flaws, creating
cracks within the rock. This is particularly true of forces resulting from the
drilling and blasting used in extending mine tunnels as these events cause a
redistribution of stresses in the rock that leads to slabbing [1].

By exerting force on the rock, stress levels near crack tips increase. If the
crack length is greater than a certain critical value (dependent on the load
and geometry), there will be a release of elastic stress that exceeds the energy
required to separate the material molecules. Thus, the crack will spontaneously
extend [1].

When a crack does extend due to the applied forces, it will extend parallel
to the free surface and in the direction of maximum compression. If there are
multiple cracks within the rock, they will reorientate and align towards the
maximum compression direction as they propagate, eventually joining together
[4, 10, 11].

Once a crack extends and exceeds a critical length, the rock fractures. This
crack propagation process can explain the slabbing phenomenon, as since the
cracks extend parallel to the free surface, the rock layer splitting off will become
approximately uniform in thickness forming the observed slabs. As a result,
the thickness of the rock beams is determined by both the geometry of the
pre-existing flaws as well as the direction of the maximum compressive force.
It can also be noted that the greater the excavation site size, the lower the
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magnitude of force required to cause this slabbing effect [3].

While this illustrates the theory behind the slabbing effect, the distribution
of the pre-existing rock flaws are not known within mines, thus complicating
the issue of rock failure prevention monitoring.

2.2 Mathematical Model

Tunnels within a platinum mine are formed by blasting and drilling the existing
rock to form new cavities in which mining work can be undertaken. These
tunnels have roofs comprising of the original rock which are slightly angled
as a result of the blasting process. Figure 2 shows a typical platinum mine
layout.

Figure 2: A typical mining cavity within a platinum mine.

Layers of rock contain pre-existing flaws within them and thus the exertion
of force from the blasting process can assist in the propagation of cracks causing
the formation of discrete layers of rock. As a consequence of this, this problem
lends itself to modelling the layers of rock within the mine roof as slanted
beams.

We model the section of roof rock between any two adjacent supporting
pillars as a beam. The distance between the two supporting pillars is of length
L. The beam is slanted at an angle θ relative to the horizontal, so that the
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horizontal distance between the supports is given by
L

cos θ
. The transformed

coordinate axes are oriented such that the x
′
3-axis lies along the horizontal

axis of the undeformed beam as shown in Figure 3. The x′3 variable will be
denoted by x for notational convenience. The deflection of the beam from its
equilibrium configuration will be denoted by w.

The forces acting on the beam are the compressive pressure on either end
of the beam due to the overburden rock, P , as well as the body force per unit
length and the applied surface traction per unit length, collectively denoted
by q(x). The roof rock under consideration is assumed to be uniform in its
properties and thus q(x) = q, where q is constant.

Figure 3 depicts a simplified diagram representing the physical situation
being examined.

q

Lcos

Figure 3: Diagram illustrating the slanted roof beam and the forces acting upon it. The
beam lies between two adjacent pillars. The angle θ is the angle at which the beam is
slanting relative to the horizontal. The coordinate system is shown on the left.

In order to model the rock as beams, the following assumptions are made:

- The rock beam of interest must extend far horizontally [5]

- The beam’s thickness must be small when compared to the horizontal
length [9]

- Pressure exerted by the overburden rock is constant and evenly dis-
tributed throughout the beam [7]

- The beam’s material properties, such as elasticity and brittleness, remain
constant [9]

- Deflection occurring along the beam is small [5]
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- Deflection solely occurs vertically. Thus, w = w(x) [7].

Within the context of this problem, the above assumptions are all reasonable
to make and are reflective of the real-world problem.

2.3 Governing equations

Initially, we consider a beam with clamped boundary conditions. Because the

beam’s length is given by
L

cos θ
, we have

w(0) = 0, w

(
L

cos θ

)
= 0,

w′(0) = 0, w′
(

L

cos θ

)
= 0. (1)

This corresponds to the physical situation where the beam is firmly attached
onto its supporting pillars.

The potential energy of an unslanted beam (θ = 0) of length L, with
compressive pressure P exerted on either end of the beam, body force per unit
length and the applied surface traction per unit length, q, is given by [5, 9] as

V (w) =

L∫
0

[
1

2
EI

(
d2w

dx2

)2

− P

2

(
dw

dx

)2

− qw(x)

]
dx, (2)

where

w(x) = displacement vertically downwards,

E = Young’s Modulus,

I = second moment of area about the x2 − axis,

q = sum of body force and applied surface traction per unit length,

P = horizontal pressure acting at each end of the beam.

Upon resolving the components of force within the problem, the potential
energy for a slanted beam becomes

V (w) =

L∫
0

[
1

2
EI

(
d2w

dx2

)2

− P

2
cos θ

(
dw

dx

)2

− qw(x) cos θ

]
dx, (3)

where θ is the angle of the slope of the beam.
The potential energy is an extremum when it is at equilibrium. A pertur-

bation of the form

w(x) = w0(x) + εw1(x), (4)
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is introduced where ε is a very small constant parameter. Since w(x) satisfies
clamped boundary conditions, w0(x) and w1(x) must separately satisfy these
boundary conditions.

Using this perturbation with equation (3), the expression

dV (w0 + εw1)

dε
|ε=0 (5)

can be obtained.
Integration by parts in conjunction with the boundary conditions reduces

(5) to

L∫
0

[
EI

d4w0

dx4
+ P cos θ

d2w0

dx2
− q cos θ

]
w1dx = 0. (6)

It can be noted that (6) also holds for hinged boundary conditions

w(0) = w(L) = w′′(0) = w′′(L) = 0, (7)

which corresponds to the beam’s end points being simply supported by the
pillars, as well as any combination of hinged and clamped boundary conditions.

For equation (6) to equate to zero, the integrand must vanish. Using the
notation w = w0 for convenience, we have

EI
d4w

dx4
+ P cos θ

d2w

dx2
= q cos θ. (8)

This equation can be further simplified by non-dimensionalization. The
characteristic length within this problem is the length between the two sup-
porting pillars of the beam, denoted by L.

We define the dimensionless variables

x = Lx̄, w = Qw̄, (9)

where the characteristic deflectionQ will be determined. Using these quantities
in equation (8) yields

d4w̄

dx̄4
+ cos θ

PL2

EI

d2w̄

dx̄2
=

qL4

EIQ
cos θ. (10)

Letting Q =
qL4

EI
results in

d4w̄

dx̄4
+ cos θ

PL2

EI

d2w̄

dx̄2
= cos θ. (11)
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The constant

B2 =
PL2

EI
, (12)

where B is named the beam number in [5]. It is defined as a squared constant
to emphasize that it is positive, as well as to avoid obtaining square roots when
solving the beam equation analytically.

Thus, the dimensionless equation governing the deflection of a beam with
slant angle θ is given by

d4w

dx4
+B2 cos θ

d2w

dx2
= cos θ, (13)

where w = w̄ and x = x̄ for convenience. This reduces to the beam equation
in [5, 7] when θ = 0.

Equation (13) must be solved subject to the transformed clamped boundary
conditions

w(0) = 0, w

(
1

cos θ

)
= 0,

w′(0) = 0, w′
(

1

cos θ

)
= 0, (14)

or the transformed hinged boundary conditions

w(0) = 0, w

(
1

cos θ

)
= 0,

w′′(0) = 0, w′′
(

1

cos θ

)
= 0. (15)

2.4 Results

In this section, the behaviour of a slanted beam will be considered for both
clamped and hinged boundary conditions. Beam deflection for both scenar-
ios will be obtained and the corresponding curvatures will be examined to
determine potential fracturing.

2.4.1 Beam behaviour under clamped boundary conditions

A beam firmly attached to its supporting pillars will have boundary conditions
given by (14). The solution of (13) subject to clamped boundary conditions is
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given by

w(x) =
1

2B3 cos(θ)
3
2

(
cot

(
B

2
√

cos(θ)

)
cos
(
Bx
√

cos(θ)
)

+ sin
(
Bx
√

cos(θ)
)

− cot

(
B

2
√

cos(θ)

))
+

x2

2B2
− x

2B2 cos(θ)
. (16)

For this solution to hold, the restrictions B 6= 0 and cos θ 6= 0 and

sin
(

B
2
√
cos θ

)
6= 0 must be enforced i.e. B 6= 2nπ

√
cos θ and θ 6= π

2
+ nπ, ∀n ∈

Z+. The assumption that 0 < θ << π
2

will be implemented which is realistic
within this problem.

As a result of the restrictions on B, for a beam slanted at an angle θ, the

problem is broken up into modes of the form
(

2(n− 1)π
√

cos θ, 2nπ
√

cos θ
)

for n ∈ Z+. For small values of θ, the length of the modes is approximately
2π.

The curvature of the beam is given by

w′′(x) =
1

B2

[
1− B

2
√

cos(θ)

(
sin
(
Bx
√

cos(θ)
)

+ cot

(
B

2
√

cos(θ)

)
cos
(
Bx
√

cos(θ)
))]

.

(17)

Figure 4 shows the beam’s deflection for different values of the beam num-
ber B and varying values of θ. Figure 5 similarly depicts the corresponding
curvature magnitude of the beam under the same range of B and θ values.

Of primary importance is determining where the rock beam may poten-
tially fracture when under sufficient strain. The curvature magnitude gives
information on this as it is proportional to the bending moment. Thus, when
the stresses on the beam exceed its maximum tensile strength, it will fracture
at the global extrema of the curvature magnitude.

The curvature magnitude attains its global maxima in the first mode at
the end points x = 0 and x = 1/ cos θ (which are equal in magnitude as the
beam is symmetric). Thus, the beam will first fracture at the end points once
its tensile strength has been exceeded. These end points coincide with the
positions at which the beam is initially clamped to the supporting pillars.
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Figure 4: Beam deflection of a clamped beam slanted by angles θ =
π

36
,
π

18
,
π

9
,
π

7
for

beam number values B = 0.5, 1, 2, 3 are illustrated.

Figure 5: Beam curvature magnitude of a clamped beam slanted by angles θ =
π

36
,
π

18
,
π

9
,
π

7
for beam number values B = 0.5, 1, 2, 3 are illustrated.
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2.4.2 Beam behaviour with hinged boundary conditions

We now consider beam behaviour under hinged boundary conditions, given by
(15). Imposing condition (15) on the solution to (13) gives

w(x) =
1

B4 cos(θ)

(
cos
(
Bx
√

cos(θ)
)

+ tan

(
B

2
√

cos(θ)

)
sin
(
Bx
√

cos(θ)
))

+
1

2B2

(
x2 − x sec(θ)− 2 sec(θ)

B2

)
. (18)

For this solution to be defined, the restrictions B 6= 0, cos θ 6= 0 and

cos

(
B

2
√

cos θ

)
6= 0 must hold. This implies that θ 6= π

2
+ nπ and B 6=

π(1 + 2n)
√

cos θ for n ∈ Z+. This divides the problem up into modes of the

form
(

0, π
√

cos θ
)

,
(
π(2n− 1)

√
cos θ, π(2n+ 1)

√
cos θ

)
for n ∈ N.

Figure 6 illustrates the effect of the beam number on the deflection for
various values of the beam number B and varying values of θ.

Figure 6: Beam deflection of a hinged beam with slant angles of θ = π
36 ,

π
18 ,

π
9 ,

π
7 for

beam number values B = 0.5, 1, 2 are illustrated.

As before, it must be understood where a beam will potentially fracture
when under sufficient strain. The curvature yields this information as when
the stresses on the beam exceed its maximum tensile threshold, it will fracture
at the curvature’s global extrema.
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Figure 7: Beam curvature of a hinged beam of slant angle θ = π
36 ,

π
18 ,

π
9 ,

π
7 for different

values of the beam number values B = 0.5, 1, 2 are illustrated.

The beam curvature in this case is given by

w′′(x) =
1

B2

(
1− cos

(
Bx
√

cos(θ)
)
− tan

(
B

2
√

cos(θ)

)
sin
(
Bx
√

cos(θ)
))

.

(19)

To determine the extremal points, the third derivative of w(x) is set to zero
and the corresponding x values,

x =
1

2 cos θ
− mπ

B
√

cos θ
,

are obtained, where x ∈ [0, 1] and m ∈ Z. In the first mode, there is only a

single critical point at x =
1

2 cos θ
. This implies that if the maximum curvature

magnitude |w′′( 1
2 cos θ

)| exceeds the beam’s tensile strength for B in the first
mode, it will fracture at the centre of the rock beam. If we denote the horizontal
distance from the left-hand pillar as x′ where x′ ∈ [0, 1], we note that the point
of fracturing is in the centre of the beam and not the centre of the horizontal
distance between the two pillars. The centre point of the beam x = 1

2 cos θ

is not the centre point between the two pillars which is at x′ = 1/2. Since
1 ≤ 1/ cos θ, for 0 ≤ θ � π/2, the beam fractures off centre, slightly closer
to the supporting pillar situated at the right-hand end point at x′ = 1. As θ
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decreases the point of fracture approaches the centre point x′ = 1/2 between
the two pillars.

Figure 7 illustrates the relationship between the beam number and the cur-
vature magnitude for a beam under hinged boundary conditions with varying

slant angles for various values of B in the first mode
(

0, π
√

cos θ
)

.

3 Exfoliation Problem

Large exposures of very competent surface rock are seen to occasionally exhibit
a type of rock burst event called exfoliation as illustrated in Figure 8. This is
thought to occur due to the large compressive forces exerted horizontally on the
rock mass. In this model, we will consider a slab of rock that has separated
from the adjoining rock mass, which can then be treated as a beam. This
slabbing process was described in Section 2.1. We will analyse the buckling
behaviour of this beam.

Figure 8: Exfoliation on a rock surface.
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3.1 Mathematical model

In this model, we consider a section of rock that has separated from its ad-
joining rock, forming a beam of length L. A compressive pressure, P , acts on
both ends of the beam. Figure 9 illustrates a simplified model of this scenario.

Figure 9: A simplified diagram illustrating the rock beam being modeled and the forces
acting upon it.

By non-dimensionalizing equation (8) we will be able to single out quan-
tities that are negligibly small in this specific scenario. We use the same
dimensionless variables defined for the slanted beam problem given in (9). In
dimensionless form equation (8) with θ = 0 becomes

d4w̄

dx̄4
+
PL2

EI

d2w̄

dx̄2
=

qL4

EIQ
. (20)

The constant
qL4

EIQ
will be assumed to be negligible for the following reasons:

- If a crack propagates between the rock beam and its neighbouring beam,
then there will be no adjoining stresses exerted due to the minute sepa-
ration between the layers. As a result s(x) = 0.

- Large compressive forces need to be applied to the ends of the beam
in order for exfoliation to occur. For this model, we assume that the
compressive pressure P is significantly larger than the body force per
unit length q. As a result, for large compressive forces, the constant
qL4

EIQ
will be neglected.

Thus, the approximation qL4

EIQ
≈ 0 can be made within this problem. Omitting

the bars for convenience, the resulting equation is

d4w

dx4
+
PL2

EI

d2w

dx2
= 0. (21)
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Using the definition of the beam number given in (12), equation (21) can be
written in scaled form as

d4w

dx4
+B2d2w

dx2
= 0. (22)

The general solution to equation (22) is

w(x) = c1 cosBx+ c2 sinBx+ c3x+ c4, (23)

where c1, c2, c3 and c4 are constants.
From Figure 8 it appears that the beam is clamped at both ends. We will

solve equation (22) subject to clamped boundary conditions. However, we will
also consider a beam that is hinged at both ends and a beam that is hinged
at one end and clamped at the other for comparison.

3.2 Results

Equation (22) will now be used to consider the exfoliation phenomenon under
clamped, simply supported and mixed boundary conditions. Each of the three
cases involve solving for a deflection w(x) which is an eigenfunction containing
an arbitrary constant.

A non-trivial deflection is only obtained for certain values of the beam
number B. These specific values of the beam number are the eigenvalues of
equation (22). We denote the eigenfunctions by wn(x) and the corresponding
eigenvalues in increasing order by Bn, for n ≥ 1. The beam number cor-
responding to B0 denotes the equilibrium configuration of the beam i.e the
trivial solution where there is no deflection. There will be no deflection if
P = 0 so we set B0 = 0.

The mathematics described here appears to be physically consistent with
what is observed, as a rock mass appears structurally sound and then suddenly
experiences exfoliation. Consider the first mode. For 0 < B < B1, the trivial
solution w(x) = 0 is obtained. This means that for beam numbers B less than
B1 the beam will remain in its equilibrium configuration.

In this model, we will assume that exfoliation takes place if the bending
stiffness EI is large enough such that the critical beam number for fracturing
Bc is less than or equal to the critical beam number B1 required for buckling.
Thus by assuming this condition we are ensuring that the beam must fracture
before buckling. Once B = B1 the fractured beam will buckle into the first
mode described by deflection w1(x) and exfoliation will occur. For beams with
a lower bending stiffness, they may buckle but not necessarily fracture. In this
case exfoliation will not occur.

For simplicity, we assume that the bending stiffness of the beam EI remains
unchanged. The beam number B can increase due to an increase in P , an
increase in the length L or a decrease in effective beam thickness which reduces
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EI. A sudden increase in the pressure P may arise as a result of seismic
activity. A more gradual increase in B can be the the result of an increase in
the length L.

An increase in the beam length L can be explained as follows: the continual
application of the compressive pressure P results in the further development of
the pre-existing flaws and cracks present within the rock mass, thus forming a
discrete rock beam [1, 4, 6]. These cracks will extend gradually thus increasing
the length of the beam. The outcome is that the value of the beam number B
will increase either suddenly or gradually - depending on the dominant physical
process - to the first mode at B1.

When an abrupt buckling event occurs the fractured beam will be brought
into sudden motion as opposed to the gradual deflection as considered in Sec-
tion 2. The large magnitude of the bending coefficient EI in conjunction
with the fractured beam being in motion is the reason for the beam breaking,
resulting in exfoliation.

Now, the critical curvature magnitude of the beam is the curvature magni-
tude at which the beam will fracture. It is highly dependent on the material
properties and geometry of the beam. We denote the critical curvature mag-
nitude of the beam by Mc.

We also denote the value of x at which the magnitude of the curvature
attains its global maximum by xmax. If we have that∣∣w′′(xmax)∣∣ < Mc, (24)

exfoliation will not occur.

3.2.1 Clamped boundary conditions

For a clamped beam we have the boundary conditions

w(0) = w(1) = w′(0) = w′(1) = 0. (25)

Applying the boundary conditions in (25) to equation (23) results in a system
of equations which can be written in matrix form:

1 0 0 1
cosB sinB 1 1

0 B 1 0
−B sinB B cosB 1 0




c1
c2
c3
c4

 =


0
0
0
0

 . (26)

The above system is in the form Gc = 0. If detG 6= 0, the unique solution
w(x) = 0 is obtained once again. The condition detG = 0 is imposed on (26),
giving

2B sin

(
B

2

)(
2 sin

(
B

2

)
−B cos

(
B

2

))
= 0. (27)
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0 8.9868 15.4505 21.8082 28.1324
34.4415 40.7426 47.0389 53.3321 59.6232

Table 1: The first 10 positive roots of tan B
2 = B

2 to 4 decimal places.

Thus, to obtain a non-trivial beam deflection, then either

Bn = 2nπ, n ∈ N (28)

or B must satisfy

tan
B

2
=
B

2
. (29)

Table 1 shows the first 10 positive roots of equation (29).
The resulting eigenfunction for Bn satisfying (28) is given by

wn(x) = C(1− cos(2nπx)), (30)

where C is an arbitrary constant.
The corresponding beam curvature magnitude is given by∣∣w′′n(x)

∣∣ = 4n2π2
∣∣C cos(2nπx)

∣∣. (31)

We will consider the case where n = 1. Setting the third derivative equal
to zero for n = 1 gives x = m

2
, m ∈ Z for x ∈ [0, 1]. Thus, to satisfy the

domain restriction of x, it follows that m = 0,±1 . At these points, the
curvature possesses the same magnitude and so, if Mc is exceeded, the beam
will simultaneously fracture at x = 0, x = 1

2
and x = 1.

In order for the beam not to fracture, the following condition must hold

|C| < Mc

4π2
. (32)

In the first mode of buckling for B = 2π, we obtain

|C| < 0.0253303Mc. (33)

Similarly, the eigenfunction forB satisfying (29) can be found using trigono-
metric identities:

w(x) = C

(
B

2
(1− cos(Bx)) + sin(Bx)−Bx

)
. (34)

From equation (34), the corresponding beam curvature magnitude is given by∣∣w′′(x)
∣∣ = B2

∣∣∣∣C (B2 cosBx− sinBx

)∣∣∣∣ . (35)
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Finding the stationary points for the curvature, we see that

xmax =
1

B
tan−1

(
− 2

B

)
+
mπ

B
, (36)

where m ∈ Z and x ∈ [0, 1]. For the lowest B value satisfying (29), B1b =
8.9868, the corresponding x values for where the beam will first fracture si-
multaneously is at x = 0.3252 and x = 0.67478.

Obtaining an upper bound for the arbitrary constant C for a stable beam
is not trivial in this case. We specifically find an upper bound for the first
mode of buckling B1b = 8.9868. It can be shown that

∣∣w′′(xmax)∣∣ = B2|C|
∣∣∣∣(−1)m cos

(
arctan

(
− 2

B

))∣∣∣∣ ∣∣∣∣B2 + 4

2B

∣∣∣∣ . (37)

Making the substitution θ = arctan
(
− 2
B

)
, equation (37) for both m = 1 and

m = 2 reduces to ∣∣w′′(xmax)∣∣ =
B2

2
|C|
√
B2 + 4. (38)

Since B satisfies (29), B2 = 4 tan2 B
2

and thus

∣∣w′′(xmax)∣∣ = B2|C|
∣∣∣∣sec

B

2

∣∣∣∣ < Mc. (39)

For the beam not to fracture at the first mode of buckling for B satisfying
(29), the condition

|C| < 0.00269Mc, (40)

must hold. Comparing the upper bounds on |C| for both clamped cases reveals
that for large Mc values, smaller values of the arbitrary constant are necessary
for the beam not to fracture.

Figure 10 displays the position of the eigenvalues within both cases that
arise for a clamped beam. It can be observed that B1 = 2π is the lowest
eigenvalue for a clamped beam between the two cases.

Figure 10: The position of eigenvalues present within the two clamped beam cases, Bn =
2nπ and B satifisying tan B

2 = B
2 .
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Figure 11: The deflection for a clamped beam with eigenvalues B1 = 2π, B1b = 8.986818
and B2 = 4π respectively.

Figure 12: The curvature for a clamped beam with eigenvalues B1 = 2π, B1b = 8.986818
and B2 = 4π respectively.

Figure 11 illustrates the scaled beam deflection, w(x), for the first three
occurring eigenvalues, B1 = 2π, B1b = 8.986818 and B2 = 4π respectively,
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immediately prior to the rock burst. Once again, we assume that fracturing
first takes place and then buckling occurs at the critical beam number.

Eigenfunctions corresponding to the first family of eigenvalues, Bn = 2nπ,
always exhibit deflection towards a single direction, whereas eigenvalues from
the second family results in beams that deflect in both directions. Figure 12
similarly illustrates the scaled curvature for B1 = 2π, B1b = 8.986818 and
B2 = 4π. It can be noted that while the deflection due to buckling between
the two families of eigenvalues does not appear to follow a pattern, the resulting
curvatures between the two families appear relatively predictable.

3.2.2 Hinged boundary conditions

Imposing hinged boundary conditions,

w(0) = w(1) = w′′(0) = w′′(1) = 0, (41)

on equation (23) and putting the resulting system into matrix form gives
1 0 0 1

cosB sinB 1 1
−B2 0 0 0

−B2 cosB −B2 sinB 0 0




c1
c2
c3
c4

 =


0
0
0
0

 . (42)

This system is of the form Gc = 0. If detG 6= 0, the unique trivial solution
w(x) = 0 is obtained thus we set detG = 0. This will allow a non-trivial
solution to be obtained that is unique up to a constant. Imposing the condition
detG = 0 on (42) gives

B4 sinB = 0, (43)

and therefore the beam number must take on values Bn = nπ, n ∈ Z+ for a
non-trivial beam deflection.

Solving (42) for such Bn values yields the eigenfunction

wn(x) = C sin(nπx), (44)

where C is an arbitrary constant. The corresponding beam curvature magni-
tude is given by ∣∣w′′n(x)

∣∣ = n2π2|C sin(nπx)|. (45)

In order to find xmax the value for which the magnitude of the curvature is at
a maximum, we find the third derivative of w(x) and set it equal to zero. In
the interval x ∈ [0, 1] we have xmax = 1/2 for n = 1.

In order to predict the occurrence of a rock burst, we see that if the arbitrary
constant C satisfies ∣∣w′′n(xmax)

∣∣ = n2π2|C| < Mc, (46)
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where Mc is the critical curvature magnitude for fracturing, the condition

|C| < Mc

(nπ)2
, (47)

is obtained and the beam will not fracture, remaining in a stable configuration.
For the first buckling mode i.e. n = 1, the condition for a stable beam is

|C| < 0.101321Mc. (48)

If this condition is not satisfied and B1 is attained, the beam will first fracture
in the centre and then buckle, resulting in a rock burst.

We do not know the values of Mc. In order to analyse the beam behaviour
we assume that fracturing and buckling will occur simultaneously. In other
words, the critical beam number for fracturing is equivalent to the critical
beam number for buckling.

Figure 13 illustrates the beam deflection wn(x) that has been scaled by the
arbitrary constant, for Bn where n = 1, 2, 3. This shows the deflection the
beam will take on immediately prior to the rock burst.

Figure 13: The deflection for a hinged beam with eigenvalues Bn = nπ, where n = 1, 2, 3
respectively.

We only considered the first mode in this discussion. However, the higher
modes are presented to acknowledge the possibility of a beam buckling without
fracturing [8]. A modified beam equation would need to be considered in this
case.
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It can be noted that the number of extremal values present in the beam’s
deflection is equal to n. Figure 14 similarly illustrates the scaled curvature for
n = 1, 2, 3.

Figure 14: The curvature for a hinged beam with eigenvalues Bn = nπ, where n = 1, 2, 3
respectively.

3.2.3 Mixed boundary conditions

Imposing mixed boundary conditions

w(0) = w(1) = w′(0) = w′′(1) = 0, (49)

on the solution of equation (22) and putting the resulting system into matrix
form gives 

1 0 0 1
cosB sinB 1 1

0 B 1 0
−B2 cosB −B2 sinB 0 0




c1
c2
c3
c4

 =


0
0
0
0

 . (50)

This system is of the form Gc = 0. To obtain a non-trivial deflection, we
impose the condition detG = 0. Imposing the condition detG = 0 on (50)
gives

B2(sinB −B cosB) = 0, (51)
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0 4.4934 7.7252 10.9041 14.0662
17.2208 20.3713 23.5195 26.6661 29.8116

Table 2: The first 10 positive roots of tanB = B to 4 decimal places.

and therefore the beam number must satisfy the equation

tanB = B, (52)

for a non-trivial beam deflection.
Table 2 shows the first 10 positive roots of equation (52).
Solving (50) for such B values yields the eigenfunction

w(x) = C
(

sin(Bx)−B cos(Bx)−Bx+B
)
, (53)

where C is an arbitrary constant. The curvature can be obtained from the
second derivative of (53) and the corresponding magnitude is given by∣∣w′′(x)

∣∣ = B2
∣∣∣C(B cos(Bx)− sin(Bx)

)∣∣∣. (54)

Setting the third derivative equal to zero, we see that

xmax =
1

B
tan−1

(
− 1

B

)
+
mπ

B
, (55)

where m ∈ Z and x ∈ [0, 1]. For the first B value satisfying (52), B = 4.4934,
the corresponding x value for where the beam would first fracture is at x =
0.6504.

It can be shown that∣∣w′′(xmax)∣∣ = B2|C|
∣∣∣∣− cos

(
arctan

(
− 1

B

)) ∣∣∣∣ ∣∣∣∣B2 + 1

B

∣∣∣∣ . (56)

Making the substitution θ = arctan
(
− 1
B

)
, equation (56) reduces to∣∣w′′(xmax)∣∣ = B2|C|
√
B2 + 1. (57)

Since B satisfies (52), B2 = tan2B and thus∣∣w′′(xmax)∣∣ = B2|C| |secB| < Mc. (58)

For the beam not to fracture, the condition

|C| < 0.0108Mc, (59)

must hold.
Figure 15 illustrates the scaled beam deflection, w(x), for the first three

eigenvalues satisfying (52) immediately prior to the rock burst occurring.
Figure 16 similarly illustrates the corresponding curvature for these eigen-
values.
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Figure 15: The deflection for a mixed boundary condition beam for the first three eigen-
values B1 = 4.4934, B2 = 7.7252, and B3 = 10.9041.

Figure 16: The curvature for a mixed boundary condition beam for the first three eigen-
values B1 = 4.4934, B2 = 7.7252, and B3 = 10.9041.
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4 Conclusion

Two common types of rock failure were examined, namely the fracturing of
the hanging wall and the exfoliation phenomenon. A brief summary of how
slabs of rock form within underground mines was presented. Variations of
the Euler-Bernoulli beam equation were implemented to model both of these
situations in order to predict beam behaviour.

An investigation into fracturing behaviour of hanging wall rock was carried
out by modelling the roof as a slanted beam governed by the Euler-Bernoulli
beam equation. Beams that were both clamped and hinged at the end points
were considered. Expressions for the beam deflection and curvature were ob-
tained in both cases. Furthermore, fracturing behaviour was examined for
clamped and hinged beams. The first mode was considered for each problem.
It was determined that if a clamped beam’s tensile strength is exceeded, it
would fracture at the end points of the beam, whereas a hinged beam would
fracture in the centre.

A suitable model for the formation and propagation of fractures still needs
to be developed. This model would need to explain why the slabs of rock that
form are often very thin in comparison with their length.

To examine the exfoliation problem, the rock was once again modelled
as a beam, thus allowing the application of a modified Euler-Bernoulli beam
equation. The body force per unit length was neglected resulting in an eigen-
value problem. The beam appears to be clamped at its end points. However,
simply supported and a mixture of simply supported and clamped boundary
conditions were also considered for comparison and completeness. It was de-
termined that these beams would only buckle under specific values of the beam
number B, which corresponded to the eigenvalues of the differential equation
and the boundary conditions. The assumption was made that fracturing and
buckling need to occur in order for exfoliation to take place. If the beam’s
curvature exceeded the critical curvature required for fracturing, it would frac-
ture at various points depending on the boundary conditions of the beam.
This fracturing then creates weaknesses in the beam and the fractured beam
then buckles. This brings the fractured beam into sudden motion, resulting
in exfoliation. This result was seen as a confirmation of the model’s accuracy
as it reflected the physical situation observed whereby a solid rock mass with
a large bending stiffness appears structurally sound but then unexpectedly
fractures and buckles, resulting in a rock burst.

Potential further work on this problem could involve the determination of
the arbitrary constant arising within the eigenfunctions describing the beam
deflection.
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